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This study vas designed to investigate the 
relationship b€t«een the level of cons€rvation of displaced volume 
and the d€gre€ to which sixth-grade children learn the volume 
algcrithm cf a cuboid, namely, volume equals weight tim€s length 
times height. The probl€m chosen is based on an apparent discrepancy 
between the pr€sent school programs and Piaget*s theory concerning 
the gra^e level at vhich the vclume algorithm should be introduced. 
Subiects were chosen from three suburban schools in British Columbia 
and classified as conservers, partial conservers, and ncn-conservers, 
using a judgment-based test cf volume conservation. The students were 
divided into three groi3ps, two designated as experimental and one as 
a control group, one experimental group was taught the algorithm with 
the standard approach used in North America, with the second 
experimental group taught with a method emphasizing multiplication 
slcills. Data showed that sixth graders could apply the volume 
algorithir to computation and comprehension questions regardless of 
their volume conservation level. There was also noted improvement of 
students' conservation levels regardless of their volume achievement 
scores or their treatments, (RPi 
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ABSTRACT 

Chair man: Dr* Do>i9la3 Owens 

This fjtuly was le5.igned tD investigate the re la t-ionshi p 
betveea the level of consyrvation of displaced volume and the 
degree to which sixth grade chiKlren learn the volume aljoritho 
of a cuboid, "Voluaie = Length X Width X Height 
(V = L X 9 X H)," at the knowledge and ccirprehension levels* 
The problem is a con sequence of an apparent di sere pa ncy between 
present .school programs an d Piaget ' s theory concerning the 
grade level at vhich this algorithm is introduced* While some 
school programs introduce the algorithm as <^arly as grade 
Piaget {I960) claims that it is not until the f oroal 
operational stage that children understand how they caa find 
volume by multiplying the boundary measures* Very few cnildren 
in grade U are expected to exhibit formal operations* In sucb a 
predicar;en t thf^re soens to be a need for research in order to 
justify our prf-s^n t school cu rr icu lu m or to suggest 
mo di f icat ions* 

Subjects of three suburban schools in British Columbia ^ 
were clai^sified as n oncon se rve r s (N " 57), partial coaoervers 
(N = 16) and conservers = 32) using a judgemejt-based test 
of vo 1 u flit* CO nse rvation* Tlte .^iib j ^r-cts were then divided into two 
txperia:cntal group fj and ono coiitrol 'J roup by raadoraizing dach 
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cor^t*rvation y ronp :x^zor>3 t he t hi ee t r^ia t n ts. One or tlie 
experitDontal cjcoufs (K - 3&) was tauvjht the volume al^oritbii 
using an approach (Volume T red talent) which resfimbles that of 
school programs used in :iorth America. Activities of this 
tr eatnient included com pa ri sou, ordering , and find ijig the voiu me 
of cuboids by counting cubes and later by using the ai^jorithm 
"V = L X « X H. " The other experimental group (K - J9) vas 
taught t he al gori thm using a loe thod that eiBi^hasized 
multiplication skills (Jiultiplication Treatment) . This 
treatment incl uded training on compensating factors t#ith 
respect to variations in other factors and was supplemeated by 
a briftf aisciission of the volume algorithm. The control group 
= 30) was taaght a unit on numeration systems. 

Four different tests were used: Volume Conservation (It 
iteiDS) , Volume Achievement {27 items) , Hul tipiica ti oa 
Achievement {20 items) ani the computation section (US ityms) 
of the Stanford Achievement Test. The pretests were; Volume 
Conferva t i on, Voluoie Achievernent, and Con pu t ation • The 
po sttesis an d r etent ion tests were; Vol ume Coriijer vat ion. Volume 
Achieve men t, and f^ultij^lication Achievenjent^ Data from the 
posttpsts and rc-ten^-ion tes'is v^^re analysed i^eparately asing a 
i X 3 fully crossed two-way analysis of covariance. 

Subjects in the volume treatnient showed they were dble to 
apply th^ volume algorithm to comj-utation and compreuenij ion 
guest i on s rejar31ess of their conf:*?rvat ion level. Jn the 
posttest and retention test, 3;ul>j*-ct3 of this group i;ho.^t'd a 65 
per cont performance level. for the Jr^de 6 ^itucU^nts in the 



study, coiiSf^rvdtion lovfl was not a significant f,iCLOt in 
learning the volume algorithm at the coTnputatun and 
comprehensi on levels* 

On the pDiittest, subjects of the mtilti plication treatment 
perforiued significantly (F = 10.33, p < 0*01) better than those 
in the other yroups on the Multiplication AchievemBnt Test* 
Subjects of the volume treatment did significantly (F = 12*2t», 
p < C*01) better than those in the other groups on the Volume 
Achievement Posttest* It seems appropriate, therefore, to teach 
the volaroe algorithm of a cuboid using a method that includes 
students' active involveaent in manipulating physical objects* 

There vas, generally, an improvement of the students' 
conservation levels regardless of their voluae achievement 
scores or treatr^ents* The transition from a lever to a higher 
lev el of con ser va t ion va s £ ound a) independen t of trea tinea ts 
between the pretest and each of the posttest { = 0-93, 
df = 2) and rtjtention test { = 0.97, df = 2) and b) 
indcpendeiit of volume achie venien t scores between the t> re test 
and each of tha posttest {biserial r = 0*13) and retention test 
(biserial r = 0*09) * 

In an adlenium to the Conservation Test st adents were 
asJced to write reasons for their judgements in items involving 
eg ua 1 a nd u neg ua 1 vol itnes. Thoss vri t tG n rt asDns wer e EDore 
explicit on the ito:iis of unpjual voliim^^is than of etjual volumes. 
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CtiAPTEP I 
THE PROBLEM 

Th e> process of so lect i nq , ordering and t imi ng topics in 
the mathematics curriculuro has caught the interest of many 
mathematics educators- There has been, for exaiDpie, jna jor 
concern among curricuiuic analysts a l)ou t the nccessa r y coj ni ti ve 
abilities and api)ropriate age level for presenting volume 
concepts to olomentary school students* While the majority of 
textbooks contain volume activities as early as grade three, 
ma n y ed uca tors hold that most chi Idr en do not conse rve volume 
until about age 12 {tJzgiris, 196^*; Carpenter, 1975-b; 
Elkind, 1961-a) * There has been a need, therefore, to 
theoretically and experimentally examine the positions of 
th €se educators in orde r to justify the present curriculaia or 
suggest its moclifi cation. Such an examination can focus on 
many aspects of volutae presentation. The present study, 
however, leals particularly vith the introduction of th2 volume 
algori thm for a r ect an gul ar parallelepiped i,e, , 
^'Volume = Length x Width x Height (V = L x W x H)**, 

Two widely used text book s<^r ies in British - olumbia 
introduce the algorithm **V = L x W x H** in grade 5 (ctge 10) 
(Dilley fit aKr 197^* and Eicholz et al- , 197*1), Another series 
introducfc'S the algorithm formally in grad*^ ^ (age 9) (Elliot et 



al,, 1974) ind msqs it inf or n^il 1 y in grad^* 3 (age 8) (I^lxioc et 
al,, 1975), This last see ies, for ex a mple, i nvolves third 
graders in situations in which they are to coajpute the volume 
of a rectangular parallelepiped given its length, width aad 
height, 

Kost proponents of Piaget<s theory would disagree yith 
such early introduction of the algorithm and claim that most 
chi Idreii do not develop the nece ssa ry c ogn iti ve abilities for 
learning it befDre grade 6 (age 11)* Piaget (Piaget et al*, 
1960) himsolf, for example, holds that "it is not until stage 
IV [formal operational] that children understand hov they caa 
arrive at an area or voluEne simply by roultiplying boundary 
edges" {?• 408). ?iaget (1960) adds in his discussion of volume 
calculation that "knovledcje learned in school increasingly 
interferes with the spon taneDUS development of geomo trical 
notions as children grow older" (p- 381), osborn (1976, pp* 27- 
28) , likewise, warned that a premature stress of volume 
a Igor i t hms crea t;es a se r i o us Isa rui ng prob lem • 

There soems to be some discrepancy between Piaget<s 
position and most school projrams regarding the level at wdich 
the alvjorithm "V = L x x H" should be intrDduced, This 
discreparicy raises the issae of whether or not present sciiool 
curricula are justified in presentincj the algorithm at the 
grade 5 level, labricant (1975) suggested that '*tGa::hing of 
gcicmetric fotmalas at the elctn^jntary £;c liool lev el has to be 
seriously studied to zee where such formalas would ue most 
profitably placei in the cu rr icu liitn** (pp* 6-7), It vas as a 



result of the concerns raention^u above that the i)reseai. study 
originatGj, 

I!efiEiitiQli_of_j££is 

It is nocGSsacy to clarify the usage of certain terms 
wh ich will occu r throughout tho study. 

The term volume refers to the measure of the space 
displaced by a three dimensional object. The object may be any 
substance: solid, liquid or gas. Volume is not to be confused 
with capacity which refers to the measure of the space enclosed 
by a three dimensional object. Even though "internal volume of 
a hollow container ... is synonymous to capacity" (Ker^laice, 
1976, p. 1^)/ the term voluae usually refers to non-hollow 
objects. 

The term conservation refer; to the concept that a certain 
attribute of an object (or objects) remains invariant under 
changes of other irrelevant attributes (Wohlwill and Lowe, 
1962, p. 153). For example, the volume of a substance remains 
invariant regardless of its shape and position as long as 
nothing is added or taken away. Likewise, the nusiecousness of a 
se t remai ns unchan ged dur in g cha nges in the spacial a r raage men t 
of the set as long as nothing is added or taken away. 

The tern £gctang;ular _nac alleljeoiged which is synonymous 
wi th cuboi d (Webstt;r*s dictionary, edited by Gove, 1971, p. 
550) is ill Ui^t rated by the shape of filled boxes. These terms, 
however, have been confused with rectangular prism and a 
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cldrifijation is needed* A E£C l5.S.l]il4I-ii^E^tl£j:S£lG5i xs a 
ri^jht roctangtJlar prism rather than just a rectangular prism 
{James and James, 1976)* Throughout this paper cubpi^ will be 
used in tercha ngeab ly with rec ta nguja r_2ai5.il£l££i ^^s. 

The term algorithm refers to a procedure of ordered steps 
that guarantees a correct result if the steps are perfortned 
correctly and in the proper order (Lewis and Papadimi tr iou, 
1978)* Algorithms vary in their level of difficulty* The four 
basic operations, add i t ion, sub trac tion, multiplication and 
division have rather simple algorithms, while solving systems 
of eguations by the use of inverse matrices is a * more complei 
one* The volume of a cuboid may be obtained by applying the 
algorithm of finding the measures of the t hree di mens ions 
length, width, and height - of the cuboid and computing the 
product of these three measures (V = L x « x H)* 

The tcirm igi£!iiil3_the_vDl umg_algori thm refers to the 
mastery of the algorithm "V =^ L x W x at the levels of 

computation and comprehension* The level of computation 
includes, for example, situations where students are asked to 
state the volume given diagrams of partitioned cuboids, non- 
pa rti ti one ri cuboids with Jcno^n dimensions, or a word 
description of the dimensions of cuboids* The level of 
comprehepoion ificl udes, for exam pie, situations whe re st ude n ts 
are asked to st^te the total volume given a diagram of 
attdchtnents of cuboids with knjwn dimensions or to state the 
vo lume of the cuboid re sul^ ing f rom proposed dimeEisional 
transformations on a yiven cuboid* 
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The puri)Ose of this study vas to deterraiae the 
relationship between the level of conservation of voluae and 
the deyree to ifhich sixth 3rade students learn the volume 
algorithm for a cuboid "V = L x R x H", The level of volume 
conservation was determined using variations of tests aaployed 
by Pi age t (Piaget , Xnhelder and Szejninska, 1960) * The 
achievement on the ^satge of the algorithm was based oq 
ob jecti ves and act ivit ies f ound in videl y used elementary 
textbook series. The study also provided informative data with 
regard to the voluaie c onserva tion level of sixtb grade 
children- Furthermore, the study shoved the relationships among 
mathematics achievement, levels of conservation, and iearaing 
of the algorithm "V = L x W x for the volume of a cubjid* 

In order to gain inforiaation about learning the algorithi 
for the voluaie of a cuboid, three treatments were iroplemeoted* 
The first tred t^ient consisted of teaching the vol ume al gor it hm 
of a cuboid "V =^ L x tf x H*' using a guided discovery method 
based on approaches of present school prograrns. The second 
treatment consistrd mainly of learning the task of varying 
factors when the product is constant. For example, givaa that 
36 = 2 X 3 X 6, the student would be able to complete 
statements such as 36 " U X [ ] X £ ]- This tasie was 
supplemented by a brief discussion of the volume algoritnta of a 
cuboid "V = L X W X H," The third troatmeiit served as control 
treatment and cor.sisted of teaching various numeration systems. 

The general aios of this study may be listed as follows: 
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1. To tietermine the various degrees to wh ich c on rvcr s, 
partial conservers, and non^conser vers of volume learn the 
volume algorithm of a cuboid "V L x W x a.** 

2. To determine the degree of effectiveness for each of 
the two teaching nethods on learning the volume algorithm 
for a cuboid, 

3. To 3etermin e the effect of learning the volume 
algor ithm of a cuboid on the tra tisi tion from one yolume 
conservation level to another. 

4. To determine the relationship between sex and the 
level s of conservation of voluEoe. 

5. To determine the re la: ion ship between sex and the 
degree of learning the volume algoritbji for a cuboid* 

6. To deter [Dine the relationship between mathaciatics 
achievecient and. the levels of coaservation of volume* 

7. To deter; mine the r el at ion ship between ma the ma tics 
achieve me nt and the leg re e of learning the volume 
algorithm) for a cuboid, 

Fina lly the resul ts of th 1 s st ud y will be useful in 
verifying aspects of the developmental theory of Piai^et and 
according to Sieqler and Atlas (1976, p- 360) training studies 
(not unliJce this one) have become a standard metuod for 
investigating cognitive development. 
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The present study is a con3equenc<* of a concern aujut a 

discrepa ncy between the present school prog rams dud the 

cognitive theory of Piaget, Specifically, seme school textbooks 

introduce the volume algorithiD of i cuboid as e^rly as grade 3 

(age 8) vhile Piaget and his followers claim that most ciiildren 

do not develop the conservation of volaine before age 11 (grade 

6), In such a pieaica aunt there sesms to be a need for research 

in order to jur.tif y our present schoo^l curriculua or suggest 

its icodification, DeVaalt expressed the need for such research 

by noting the following; 

'^Needed now is the research that will make -he link m the 
con ti n Qum between the research of the beha viora 1 
scientists and the work of th^ flJa thema tici ans whD have 
designed new programs for scbools The studj.es most 

likely to produce useful results for curriculum worx would 
be experimental studies (DeVault, 1966, pp* 637*639) 

Likewise, r.^.effe and Hirstoir* (^976) discussed children's 

th i nki ng in measu remen t si t ua t ion s and recommended the 

f ol lowi ng : 

I n pla nni ng the Qa the ma tics experiences *** the teacher 
should c on side r the st ages of c ogn i t ive de vel opfoa nt. The 
proposed content and the methods of pr ese n t ing tha t 
content should also be considered, (Siteffe and Hiisteio, 
1976, ?, 35) 

Pi^iget has for i^everal decades tested, interviewed and 
observed children. His the ory has boconie increasingly more 
inf luen tial in curriculum plar. ning bc*c^^u^;e " everyboj y in 
educat ion rca li^os that Piaget is saying sooieth ing that is 
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rel(-vant to the reachiny of chil^lren'' (Duchworth, 1964-b, p, 

A central theme in the cognitive theory of Piaget is the 
attainment of certain conservation tasKs that are considered 
requirements for understanding of loatheindtical coacepts 
(Piaget, 1941, p, 7or example "3 ♦ 5" and "8" are two n^^mes 

for the same number. This conservation of number is necessary 
for cofn prehension, generalization and re te nti on of ad dit ion 
basic facts. It has even been reported that conse rvati^on of 
number is a better predictor of success in adQition and 
subtraction problem solving than is Intelligence Quotient 
(I,QO (Van Engen, 1971)* Van Engen, further, recommended that 
'•it would seem that for t hese childien [ nonconse rv^r rs of 
number ], the school should center their attention on activities 
that might enhance conservation rather than on our tradi-tional 
arithme^tic curriculum!'' (p- 48), 

The effect of number cooler va tion in addition and 
subtraction problora solving is [particularly re leva nt to this 
study, Even though care should be tiken in generalizing to 
vol u:ne concept s, the i iii[jor t an ce of nu mber couse rvat ion seems to 
suggest a po<;sible analogy. This stJdy was designed to find the 
relationship betvieen conservation of volume and a volume 
algor ithtn. Vol ume concur vat ion seems to be an a^^par ent 
nece,ssity for volii:nG r oariurecien t - To ratrasure volume is to 
cotnpare a chosen unit of volurae with the voluaie of an object. 
It is evidt'Ut tha^ volume conservation of the unit and of the 
object to be measured is a regairemL>nt before measurement can 
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be ncanir jf ul, 

Piaget (Piaget et al,, \9f>0) soems to hold the sane 
position rejardin^ cal culations in tteasureraent inclu<3in>j that 
of volape, He con si ders the concept of conserva ti ou to be 
necessary for any mea ningfal computation in both area and 
volume : 

Children attain a ceri^ain kind of conservation of drea 
(and vol ume) , based on the primitive conception of a rea 
(and volume) as that vhich is bounded by lines (or faces). 
That understanding comes long before the ability to 
calculate a rea s and vol umes by oath^jiat ical 
multiplication, involving relations fcetveen units of 
different powers , (p. 3 55) 

Piaget*s volume experiments have alsc revealed tha t most 
children (io not con serve volutae before the forma 1 oper d ti on al 
le vel ancl tbus do not un der stand how they can arrive at a 
volume of a cuboid by simply multiplying its dimensions. Piaget 
argues that ; 

The decomposi t i on and redecomposition of a continaum are 
operations vhich b^^long to the level of formal operations* 
This explains vh y it is not until stage iv that children 
unfierstand how they can arrive at an area or a volume 
simply by nultiplvi ng boundary edges. (Piaget et al*, 
1960, p, (*03) 

On the other hand, Piaget is not saying that the 
in t ellect ua 1 duvel opCLen t proceed £ on its ovn regard less of the 
stimuli of the surroundings. In f act, arid cunt rar y to vha t has 
been attributed to him, Piaget considers ed uca tion to be a tool 
for cognitive development; he only t^uesticns the extent to 
which i^ is beneficial (Jlodgiil, 197t*, pp. 126-12?)* In other 
vords, Piaget Cavors education that leads the child to 
discovery and rejt^cts rote learning that forces inf orma ti on on 
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the btu^ient who is not ready for it: 

This is a big daayer of school - false accommodation which 
sa t isf ios a chi Id b&ca □ se it ag rees vi th a ver l^al £ orsiu la 
he has been given* This is a false equi libra ti on which 
satisfies a child by acconiDo3ating to words, to authority 
and not to objects as they present themselves to hia *** 
{Piaget, 196**^ p* 

]t3li^3ti5B«of _ some_of ^Piagg t^s^Fi naing 

Piaget*s findings incluiing thDse of volume conservation 
and computation have been examined by researchers throughout 
the world* Elfcind {1961-a), Carpenter 11975-b) and Uzjiris 
(1 96**) , for ex a mple, found tha t at least 75S of Auterican 
students do not develop conservation of volume before age 11 
{grade 6)* Likewise, Lovell and Ogilvie {1961) found taat it 
was not until age 1** that 50% of British stuclents developed 
volume conservation* Jlore recently, Arlin 11977) reported that 
only about 30^ of grade five students in British Colaiabia 
conserved volume. 

On the othtir hand, many educators believe that 
"acquisition of formal scientific reasoning may be far more 
de pendent on specific inotr uctional experiences a nd far less 
dependent on gene ral ma tura tion than hypothesized by I uh elder 
and Piaget (1960)*^ {Sieglor and Atlas, 1976, p* 368)* Graves 
(1972, p* 22 3), for exdinple, considered 'education and 
ex peri en ce to be necGs^a ry for volume con servation* Lovell 
(1971, p* 179) went furthpr to sujjcst that even seven- and 
eight-yf?ar olds {grade 2 and 3) can leara how to use the 
algorithm '^V - L x V x H" in or.ler to calculate the volame* 
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The task of applying p sycholo g ica 1 t hcories to sch ool 
curriculum depends^ unf or tuna tely^ on policy makers rather thaa 
on educational research cr^;. DeVault found that often school 
pol icies "are ba sed on theor y tha t is never te^Jt ed in 
instructional contexts" (DeVault ^ 1966^ p, 636). One reason for 
this is that our awareness of the psychology of learning is 
very limited (Young^ 1967^ p. UO). It has been reportbd that 
the majority of students do not conserve volume before U or 14 
years of age (Lovell and Ogilvie^ 1961) , *^eanwhile^ it hds alsa 
been note! that the majority of adults do not conserve Volune 
(Elkina , 1962; Towler and tf heat ly, 197 1; G raves, 1972) . The 
av € r agps stated alcove have- varied con side rably with cultures 
and comniunities and aay be misleading if used without 
verification in curriculum planning (Fogolman, 1970) . in any 
case, one should not necessarily ielay the introduction of the 
volume alyorithn "V = L x W x H'* until all students conserve 
voluiae. Studies, such as the ones mentioned above, ladioate 
that one can not expect all students to conserve volupe- There 
is also the danger of introducing the algorithm too edrly and 
harping the process of learning. It secos, therefore, that the 
mattf^r of placing activities, which depend cn volume 
conserva t ion, in the proper grade is presently a nsatcer of 
preference rather than exactness. 

It was an intention of the investigator to provide 
nect^ssar y data of thp relationship bet w eon voluae consjr va tion 
and a voluae aljoritha. Such datu vas used for laaking 
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r ocons la t i on s it>l a t od to the just i f icat i on for teaclun^ th*2 
voluoG algorithc prior to gride 6, DeVaalt advocates tnat "it 
seems reasonable to assert that the studies most litely to 

produce useful results for curriculun work voald be 
experimental studies*' {DeVault^ 1966^ p- 6 39), 
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CHAPTER II 

r?EVTE« OF PELATBD LITERATURE 

Even though Piaget has for several decades tested, 
interviewed and obser ved children, his influence in North 
American educational psycholagy and education in general was, 
until the 1950's, limited to a few individuals* In the last tvo 
decades, hovever, it has bpcome increasingly clear that he is 
"the foremost contributor to the field of intellectual 
develoi^nient*' (Ginsburq and Opper, 1969, p. ix) * Only aspects 
of Piaget *s theory which are relev ant to this study are 
teviev&d here. Interested tea decs may find more comf r^uensi ve 
su metaries of Piaget * s views in F la veil (1963) , Kaier (1965) , 
Ginsburg and Opper (1969) and Betlyne (1957)* 



Surrni airy of piaget * s_7 heory 

Piaget's goals of education see© to be consistent with his 
theory in jeneral at\d his philosophy of learnicg in particular* 
His educational goals cot;sist of creating individuals wno are 
active, critical, creative, inventive and discoverers (Piaget, 
1964, p* 5)* Piaget distinguir^hns between cjev^^loptoent of 
knowledge and learning. While dt vo loptaen t is a ^spontaneous and 
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ge n uine proce^j 3 coijcorn i ng the total it y of know ledge, leirninj 
is a procftss limited to only a particular probleoj and caused by 
a teacher or an external stimulus (Piaget, p. 8), 

Piaget explains that the essence of the development o£ 
knowledge starts first, even in young children, by lormiDg 
"schemes" which are organized patterns of behavior and are 
based on the child's "actions on" and ^'experience in** his 
surroundings (Ginsbiirg and Dpper, 1969, pp. 21^22) . These 
schemes are nourished and manifested by •♦operations'* which 
consist of iriteriorized actions that act, mentally or 
ph ysically, on events or objects by mod if ying them, 
interpreting them and understanding the *'ay they are 
constructed {Piaget, 196U, p. 8) . 

Piaget, further, perceives that a given operation does not 
exist independently from other operations. Rather, **it is 
linked to other operations and as a result it is always a part 
of a total structure" {Piaget, 156iv, p. 9). A structure is, 
thus, an Indcjien^leat system of operations which is y eve rued and 
closed, {in the mathematical serse) , under certain laws of 
transformation. Mathematically, the interdependence of 
operations can be illustrated in Dsany «ays. Fcr instance, some 
structures a re sub structures of large r struct ares as ia the 
case of the natural nunbor .systeni being a substructure of the 
rational, real or complex structure (Piayet, 1970, p. 23). 

Piaget did not attempt to describe the irost ccinplicated 
and yeneral structures but he tried to discover the simplest 
ones that illustrate the acguisition of knovledgs. For ?iaget. 
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. . the central t^roblcm of dcvelopnent is to undecsta nd che 
(processes of) foriDation, elaboration, organizatioQ and 
functioning of these structures" [Piaget, 196U, p. 9), 

Piagct observed that the processes of these struc tares 
fall into four main stages and substages vhich characterize 
mental growth. The first stage, the sensorimotor, starts fron 
birth and continues until about tvo years of age. In this stage 
the child grovs to distinguish between himself and his 
su r round i ngs; he also devcl op s the pe mane nee of objects even 
when they can no longer be seen. The second stage, the 
preoperational, lasts until about the age of seven years. It is 
characterized by the child's use of symbols, by langaage 
development, and by gr ovt h in intuitive reasoning. In the third 
stage, the concrete operational, which lasts until about age 11 
or 12, the child learf*s to group using classification as well 
as seriation. The child is capable also of classifying and 
seriating simultaneously. However, he is still limited to 
thinking only about objects tliat exist and actions tiiat a re 
possible. The last stage, the formal opera tional, is 
demonstrated by the child's capability to define conce|jt3 and 
to reason loy ic^i 11 y, systematically, and symbolically . The 
child can also perform operations on verbally stated 
propositions rather than only directly on reality (Cfinsourg and 
Opper, 1969) . 

The ages mentioned in the above para^jraph are not in any 
way fixed or univer.^al; they are the a i>pr oxi mate average ages 
noted in Piaget's studies, flhat is fixed, however, is tt\^ older 
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of succos,^! on of the st^ues; a u or ma 1 chi Id develops through 
every one of the stages in the order they are mentioned. The 
age at which children reach a certain stage may vary, amongst 
children, from a fev months to a few years and the period one 
remains in that stage depen ds on his d egree o f in telligence a od 
his social milieu (Piaget and Inhelder, 1969# pp* 152-153) * 

The transition from one stage to the next is not 
interchangeable but integrative* "Each (stage) results from the 
preceding one, integrating it as a subordinate structure^ and 
prepares for a subsequent one, into which it is sooner or later 
integrated" (Piaget and Inhelder, 1969 , p* 153) * The 
sensorimotor perception , for e)ca[nple# does not cease m the 
following stages but it continues to function in deve loped 
thought and it becoiues integrated in its structures (Piaget# 
1973, p* 122)* 

Piaget (Piaget and Inhelder, 1969, pp* 15^155) recjgnizes 
four factors that are tesponsiole for the development from one 
stage to the next: tnaturation, e)CpGrienCe, social transmission 
and oost itnpor ta ntly, "egui libra ti on'** Ha tu rat ion consists of 
organic growth, especially of the nervous system which piovides 
possibilities for development if ai niical e)Cperieuce is 
available^* ThB second f actor , e)cperiencer can be physical or 
logica 1" THd the:ia t ica 1* The physical experience cousists of 
knovledge acquired by abstrdChin J the physical properties of 
objects vhile the logical"inathemati':al results by abstracting 
actions perf or:ned on the physical objects rather than the 
physica 1 objects themse Ives* An example of a logical- 
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ma th t a^a t ic;a 1 [^'or ience, often y i ven by P iage t , c cnct* i ns a 
child vho yas playing with pebbles. He put his pebbles in a ro*i 
and counted ten, then he counted in the ether direction aod 
also got ten, Next, he put the pebbles in a circle and still 
counted ten. The child, thus, discovered that his pebbles add 
up to ten regardless of their conf igura tioD (Pi^get, 196^*, p, 
12, Piaget, 19 7C, pp, Piaget la be Is this ex perience as 

log ica l-roa theoia tical, vhich is obviously independent of and 
superior to the physical experience of the pebbles themselves. 
The third factor, social transmission and interaction, is 
illustrated by the verbal instructions acquired by the caild in 
the process of developjny nt and formal educa tion (PulasJci, 197 1, 
pp, 9-11), 

The three factors described above are considered by Piaget 
to bo nec^pssary but not sufficient for mental development. The 
most i m port a tit fac t or for developro-^^nt is "equilibration" iihich 
consists of "a series of active coaipensa tions on the part of 
the subject in response to external d istiir ba nces and adjustment 
(Piaget and Inhelder, 1969, p, 157)," The term "eguilioriam", 
in int(^ll<^ctual connotation, refers to an active state of ao 
open system of structures which interacts vith the environment 
and modifies itself accordingly (Ginsbarg and Opper, 1969, 
17 2) • Piaget (1975, 17 0) and simi lar ly Festinger 0^57) , 
explain that the hucan heing strives toward equilibriuo and 
haifliony antongst his knowledge, opinions, attitudes and 
behaviour. Pi a yet claims, hDwever, that this ecjuilibriuni is 
never attained but is continuously ir proved (1975, p, 2 3) 
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through the curiosity ot exploring and the construction of new 
in£or matron (1975, p, 170). Thus, "a cognitive system whicli has 
attained a high ciegree of equilibrium is not at re:>t* It 
interacts with the e r^vi ron men t in terps of its structures 
[assimilation] and it can modify itself in 1 ine with 
environmental demands [accommodation]" (Giosburg and Opper, 
1969, p, 172). AssiroilatioD and accommodation are two 
inseparable aspects ot every act; on one hand the learner 
filters the input of the environment into his own structures 
and on the other hand he modifies his structures in order to 
fit the pressure of reality {Piaget and Inhelder, 1969, pp. 
6) * 

Th e above ^lescr ipt ion of the stages and factors 
influencing development seem to warn educators that not only 
does the child *'thiak less efficiently than the adult, but he 
thinks differently" (Ginsburg and Opper, 1969, p. 8) de^^ending 
upon his mental structures and capabilities. In fact, Piaget 
pos tula ted t ha t the ca pabilit ies of understanding mathematical 
concepts depends upon the attainment of specific "conservation" 
attributes {Piaget, 19^*1, p. i*). Conservdtion of an attribute 
refers to the realization that this attribute remains in va riant 
under changes of other irrelevant attribates. Pia>jet has made a 
considerable effort to fletf^r.aine the approximate ages at which 
various conservation taskf^ are achieved and the roeans by which 
the mind coristructs the notions of these tasks. He has njt been 
nearly as successful in the latter as in the f orn*ar. His 
findings have revealed that ci^ildren in the pr^ioperd tiona I 
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stage rely heavily on their imtaediate perception in ac-iuiiin^j 

knowle^dge about t h^^ir surroundings* He further reported tha t, 

on the average, his subjects conserved number at about aje sit, 

length at seven, substance at eight, weight at nine and volume 

at eleven {Piaget and Inhelder, 1969, p* 99)* 

Pifiget is not sa ying, ho we ver , tha t the in tell ectiial 

capabilities ot the child develop on their ovn regardless of 

the stimuli of the surround ings+ {]& is onl y sa ying that one can 

not increase the understanding of the child by just celling 

hiiB; understanding necessitates conditions in which the child 

experiments, manipulates, and interprets {Duckworth, 1964*a, p+ 

2)+ Piaget holds, on the other hand, that the child's 

interpretation and response depend on his readiness level and 

his mental structures* Piaget, consequently, does not encourage 

acceleration of learning and he charges AmericdQS of 

unprofitably doing so: 

Tell an j^merican that a child develops a certain way of 
thinking at seven, and he iimiediately sets about to try to 
develop those same ways of thinking at six or even five 
years of age + Kost of the research hasn't: worked 

because experimenters have not paid attention to the 
equilibrium theory +++ • Learning a fact by reinforcement 
does not in and of itself result in pental adaptation* 
(Piaget, 1967, p- 3£*3) 
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^laae t^S-^St udies^of ^Volume 

Piaget, Inheld^^r, and Szeminsxa {I960) studied id the r 
thoroughly the subj*ic:t of conservation and measureia^rit of 
volume* They showed children a sol, .1 on pa r ti tioned cuboid of 
base 3 cm X 3 cm and height ^ cm and they told thea that the 
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block iidc a condo:Qne'i house built on islanti* They further 
asked the chiltlren to use centimetre cubes in order to build 
possible houses that have the same space; the neii hoiises were 
to be built on islands of 2 ca x 2 cm, 2 cr. x 3 cm, 1 cm x 1 
CO, or 3 cm X cm (pp, 355-357)* 

Piaget st al* {I960) also used an auxiliary method* They 
sh owed childrof^ severa 1 rec tangular parallelepipeds and asked 
th e m to c ompare pai rs of themi "are these tiio as bij as one 
another? Is there as much uood in each of them?" Ip* 357)* ad 
alternative for this method vas to give children a certain 
cu boid a nd a sit them to find, out of a dozen cub oid s, another 
that had the same size or room (p- 357)* 

The prpliminary wvo met hods described above were foil owed 
by further questioning. The experimenters used the cubes of a 
parti tioned rectan^jular parallelepiped to build another of 
(li f ferent base while the subject wa tched. Then the subject was 
asked: (a) whether the new and old houses bad the same rccm or 
which had more, (b) -he the r one can use the same cubes in the 
present house in order to build ^ new one that had as much 
space as the old one and looked exactly like it* The 
experimenters tried continuously to discover if the child 
relied totally on the conservation of the nuiPber of cubes or if 
he considered the tot^il volume and conserved it (pp* 357-3 58) * 

The ^iXperifflGnters always checked their results by using a 
water di splac£*men t lecitiiique. They bui It a metal cuh oid of 3 cm 
X 3 cm X £* cip in the bottom of a container while the child 
1 o eked ajid obf;&L vnd the rif^e in the vat er level* They then 
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asked the child if ho though t the levpl of the- va ter i^oul j 
change if the arrancjeuent of the cubes was modified to 2 cm x 1 
cm X 1 3 cm or to 2 cm X 2 Cm X 9 cm. 

Piaget et al. noted in their exp^rimerits three levels of 
understanding the volume concept (1960, pp- 358- 305) * These 
levels are briefly dei>cribed bslow: 

Level^i [age 0 or 9); Children conserved interior volums 
i.e., the yuautity of matter contained inside the boundary. 
They also showed understanding of the logical (not 
mathematical) relationships betveen dimensions, that i^, when 
as ked to r econs tr uc t a h ouse on a sica ller base they constructed 
it taller than the original, though not tall enouga. The 
children did not shov conservation of voluice in the sense of 
space occ up ied or wa ter di splace^d * 

i;£!t£l_2 (aje 9 or 10) ; Children of this level shoved 
progress over those of the previous one. They started to 
measure correctly by using the unit--cabos and expressing 
measures in metrical relation5hips such as **twice as much*' and 
'*Dearly three times as high.*' They could al<50 copy volume 
correctly but they could not tnea ni n y f u lly calculate it by 
icultiplying the It^ngth, width and height. In fact, whea asked 
about the volume or the space c-cupied by an object they 
equated tJie voI^jeo vi th the nuiaber of cubes necessary to 
surround the object. They still did not conserve volume in 
terms of sp^ce occupied or ter d isplaced e ven t hou jn they 
recoi^nized that the roarrang<^irefit of the unit-cubes Jid not 
alter the int'-rior volume. 
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tSYl^l^l 7^ 1^ abDVG) : Chi Id re n of this level 

established a ro l^i ti onsh ip botween the area of the base and the 
volume « They discove red volUEse in terras of the product of 
length, width, and height; and that two volumes were egual if 
the product of their respective linear dimensions were e^ual* 
Children of this stage also conserved volume with respect to 
the surrountiing soace as in the* wat^^r 3i splacemet i:. 

The experiments and interpretations of Pia^jet et 
al* (1960) seera to say that tha conservation of volume is well 
developed vhen the child acquires its three meanings i, , (1) 
conservati on of interior volume, (2) conservation of occupied 
space and (3) conservation of complementary volume or water 
displaced* Piaget et al, (1960) concluded that the complete 
notion of volume conservation and aieasurement involves 
multiplication of three lengths and necessitates the formal 
operational grasp of the continu;. ty of spac^^* '*The 
decomposition and r e decompos ition of a continuum are operations 
which belong to the level of forinal operations. This explains 
why it is not until stage IV that children under ^stand now they 
can arrive at an area or a volume oiniply by multiplying 
boundary edtjes** (p, ttCO) * 
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The reactions of psychologists and educators, r^t^jarding 
Piaget*s methods of testing and his conclusions, have varied 
from criticism to pra ise. Likewise the va lida tion experiments 
ha ve shown inconsistent results* 

Pinard and Laurf?ndeau (196**) looked for the existence of 
Piaget*£ general stages of mental development in a population 
of French-Canadians* Tliey generally confirmed the existence of 
Piaget*s stages of aiental development but they elitainated sotae 
substages and adfied others* The data they collected from 700 
children in Quebec revealed that French ^Canadian students 
attained the Piagetian stages a year or two later than students 
used by Piaget in Geneva* 

Carptinter ( 197 5- a) reported that his own study revealed 
that in the case of first and second graders '*tDeasureflient 
concepts begin to appear in young children earlier than Piaget 
et al, 11960) concluded" EPP* 3-13)* In the same year hjwe/er, 
he (Carpenter, 197 5^b) published contradictory results* He 
declared thdt the results of the National Assessment and 
ilichiy an State Assess att^nt showed that '*on the whole tnea^ureaient 
concepts devolop somewhat later in average Areerican students 
than indicated by the mea s'jre aian t st^idies of Piaget, Inhelder 
and Szojninska" {pp* 50 1-50 7) * 

Flavt^ll £196 3) reviewed Piaget *s writing and tjuestioned 
his wotk* He criticis^^d Pia^jet mainly on (1) the gap Det^eeti 
the f rtcts described in the exporini^ nts and the theory he 
conclu^led and (2) the use of the qi^alitative method and the 
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role of the l^ayiM^p ia tho interpretation cf data* 

Piaget responded to F la veil 's cri tic isms . He exi^lained 
that his method of study is episteiaoloyical rather than 
psychological and he adicitted that his research is far from 
complete. He even encouraged psychologists and educators to 
carry on further statistically sound studies under controlled 
conditions (Piaget, 1963, p* ix) . 

Finally, most educators seem to approve the Piagetian 
order of the stages of developnent, hut they appear to be 
divided regarding the degree of accelerating the development 
and particularly the conservation tasks* Kany side wita Piaget 
in respecting the level guidelines and consider learning 
experiences to be necessary but not sufficient for conservation 
tasks* other educators challenge Piaget*s level guidelines and 
consider the conservation tasks to be abilities which are 
acquired through a p roce ss of cdoiul'^tive learnin g# Shulaan 
tl971) clain^^ed that those who side with Piaget seea to 
ou t numfcer those who do not* However, the gucjstion of 
accelerat ing the <^c qui sit ion of couserva tion tasKs and thus the 
sui table ages for presenting various activities is by no means 
resolved* 
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? r a i n i n j ^ i x ;>o r i u3 tj t s 

Educators have been challenyed - for docades, oy the 
de velopnen tal theory of Piaget to take a stand regarding is^jues 
related to oducation; for exi fliple , th 9 role of training in 
Conservation tasks. A number of r esearcher s, consecjue ntly , ha ve 
ser iously studied this subject an3 ha vo dra wn their own 
Conductions* flany have claimed success in their conservation 
training; others have reported f a il ure. The f ol lomng tuo 
sections of thi^ pa;jer nill suinmarize sorae ot these training 
studies in conser va tion * ta sk s other than volume, and in voluiae. 

5i§£M§§i2Q_3f _IIiiailia_£j£i^££iS£Ek£^_otKe c_t 

Piaget (1970, p. 13) set out "to explai n n jii t)\e 

} 

tra nsition is aade fcom a loiier lev el of k nov ledge to a le vel 
chat is judged to be higher" using his eg ui libration theory. 
Unfortunately, there has been little ev ifience va lida ting this 
theory. !fe himself a d mi t ted {Sf*niina r , the Ca tholic Uni versi ty 
of At&erica) that tihe equilibration theory does not sufficiently 
ex plain the transition between cognitive developtaent stages 
(Beilin, 1971, ?. 8a). Specifically, little seems to tie icuonn 
about the laws of transition from non-ccnservation to 
conserva tion (Wohl wil 1 a nd love, 19 62, p. 1 53) * Training 
experinic^nts have beiin able to ^ugjest and test various ways 
thought to aid the cognitive development frcn) non-ConSt*r va ti on 
to const'Lva tion. 

fven though the tiltiaate j/OLuose of this study is to 
invetitigate the l*-;arning of a voluae algorithn it seeas 
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nccei:sa ; y to review t r air: in y '*x per i □•Mit f> in ar s o\ he r than 
volace whenever they are relevant. The studies r**vitfwed, 
therefore, iizliide training for conserv a t ion of sab^ tance/ 
weight, volase, and na&ber. It is in nanber ccnservation 
training that most researchers bave occupied themselves and 
ma n y ha ve cl ai med succpsjs, 

Onfortanatcly, research stajies have not been consistent 
tfitb regard to the ef feet iv*=»n ess of conservation training. In 
fact, Roth enberg a nd Orost ( 1969) reported tbat "for every 
saccessfal stady tliere are others testing the same types of 
training which report no significant transfer- to-training** (p, 
?0), This is not anasual in ed aca tional research because of 
differences in pro ce dares and test cond i t io ns and Lcoa ase of 
varied emphasis on subject responses, tternelstein et al* 
{ 196?) , for f:^xa(rnle, employed wha t appeared to be succe^sf al 
pr oced a res of subs tan ce conj^ervation in foar major studies 
(SiDedslan3, 196 1; Braver, 196q, Bail in, 1S65; Si gel, 1 966) * 
Their results showed tiLat none of the training procedures could 
induce s ih 5>t ance c':)nt;crv a t ion , K ever t «e less, st ud ies ha ve 
L a ised important a sj^oc ts of the process of acgaisitiou of 
cQni>erva*ian, The most imi ortant of these aspects a re adding- 
subtracting, language and verbal explauation, screening, 
extinction and rover nihility, A suis^nary of what re search has 
sl» cw n re i n y each of Wtor^e as doc t s will be d i i>c ussed 
hereafter, 

rtOh Ivi 11 (19 S9) was the fiLSt to stuOy the effect of 
"ad'l it i on- t r a ct ion" t rc^d t nt on th2 a eg u i si t i on of a Jia ber 
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coasprvation* The treatt&ent coasi.stcd of [: laying a jdiiiG of 
Datching a given set of objects with odg of three pictares 
reprtSGnting six, sevon or eitjht elements* The experiaenter 
changed the configuration of objects while dfiding or taking 
away one element* Vohlvill reported that this treatment was 
successful in inducing nuiuber conservation but he asserted that 
the subjects who benefited the most were those who were "on the 
doorstep*^ of conservation. Later, Wohlwill and Lowe (1ib2) and 
fto then berg and Orosi {1969) used similar "addition-*subtraction" 
training to that of Vohlwill and also reported success in 
inducing number conservation. 

As far as the effect of language is concerned, it does not 
seem to be clear how this factor contributes to intellectual 
development* Language has been used mainly in verbally 
in str uct inq the sub jec ts, thei r ve rbal deacript i on of the 
changes in an attribute, or in d en an ding verbal explandtxuns 
for the ir responses* Sonst ro^m ( 1S66) advocated that "it is 
when the child is both saying and doing that he learns not to 
believe tally what he is seeing" (p* 22**)* Beilin (19b5) also 
reported success in conservation training when he verbally 
explained to the children the law of conservation after each 
unsuccessful response- i^ermelstein et al- (1967) , hsjwever, 
replicated the above ejc i^er iiae nt s and found contradictory 
results* They observed that langaaye training interfered with 
rather than f dcilita ted the substa ace conservation processes- 
Horeover, the effect of most training procedures became 
insignificant when verbal exj>lanation was dojtanded f roni the 

^ I 
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subjects who nc-vly tie quired conservation (Sonstroea, t96 6; 
Vohlwill and Lowe, t962; Roll, 1970)* 

ThG effect of screening raisloadiDg cues is closely related 
to the effect o£ languago. Subjects who are led by misleading 
aspects are put in a situation whore they respond verbally to a 
no n-- perceived action* B runer ( 1966, pp* 183-207) used the 
sc reening r,echni"Jue in ask in g four- to seven- year- olds to 
predic t the le vel of the water to be pou red f r ck a ccnta i ner to 
another and then watch the a t ta ined le vel* He cla imed (y- 23 S) 
tha t it is when both enact ive and sy ..belie representa ti ons 
agree that the ikonic yields and conservation is aci ved. He 
fur til er clained success iD inducing substance ccnservation with 
his five- to seven- yea r- olds but not with the £ our-year-^olds* 
Bruner*s approach has been under attack by other researchers 
including Piaget hipself * Pi a get ( 1968) accused Bruner of 
ind uci ng a ^^s^ udoconser vat ion and forcing t he verba liza t ion of 
identity* He argued that conservation shews understanding of 
ident ity and not vice versd* Moreover^ Piaget advocated that 
the ale n '^a 1 st riict ure precedes 1 an ju age de velcp roe n t ra the r tha n 
folloi* s it. Sxper i mentally, Stra uss and Langer (1 970) reported 
re j action o£ 5runer*s hypo^ hf>sis that screening misleading cues 
induce s subs^a nee cori ser va t ion* 

The effect o£ extinction has also been a source of 
conElic*: in the research literat^ire* Extinction is measured b y 
the degree to which conserv!jrs resx.st ialibiCate confusion by 
th e ro3pa rch? r* SrncNlslun d (10 61) reported that trained 
caru7(jrver.s d id not rt^sist e xt inc tion as did natural const; r vers* 
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Hall and K ingnley { 1 068) rejected Sciodsland • s clai Ji that 
natural conserveus resist extinction more than tuaLned one s d 
Ha 11 a nd Kingslcy replica ted Smed sland ' s experiment and 
reported that none of their 17 natural conserveus resisted 
extinction. 

There seems to be a promising trend in mdacing 
con sei vat ion by r ever si hi lity training, Piaget (1968) explai ns 
that reversibility has two forms, reversibility by inversion* 
negation and reversibility by reciprocity, luversion-negat iou 
includes the mental operation of returning to the original 
state vhile reciprocity consists of compensating variations in 
related attributes, Wallach and Sprott (196^) eifi ployed what 
seemed to be successful application of reversibility, via 
in version* negation, for number conservation. They used the 
techni^^iie of fitting dolls back into their beds after tfaey have 
been clustered or scattered. The experimenters did not provide 
training for reversibility but gave those subjects who already 
knew it in real life a chance to apply it in the number 
conservation process. In a later study, Wallach, Wall and 
Anderson (1967) checke'^ Wallach and^Sprott's (1964) results and 
applied them to conservation of continuous liquid quantity. 
They concl^ided that "reversibility as well as - not usi ng 
tais leading pe rcept ual cu3S would seem to be necessary for 
conser v<i tion" (p, 1) , Holl • s {1 970) findings, however, 
confirmed those of Wallach and Sprott ( 196**) and wallach et 
al , ( 1967) , (?oll (1 970) asserted that i n V5r si on-Aey ation 
leversibility re^^ultn in an increar:e of number conservation if 
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no vcrLal t:xpldnation is reouiroi, 

Di S£ussi on_of_Ex£er icient^iiivo^ 

El kind I1961-aj replicated some of Piaget*s conser vat ion 
experiments. His results agreed vith Piayet* s for mass and 
weight but not for volume. The data he collected from a sample 
of 175 elemantary students in Newton, flassachusetts* revealed 
that "the conservation of volume did not in most cases {75X| 
appear before the age of 11" (p, 225) , Carpenter (1975-b) 
reported similar results from the data ccllected in the 
National Assessment of Educational Progress (SAEP) , Only 6% of 
the 9-ypar-olis# 2^% of the 13-year olds and ^331 of tue 17-- 
year-olds ^jave correct answers to the volume of a pictured 
solid which is partitioned in to uni t cubes, 

Elkind I1561^b) extend ed his replicatioD to junior and 
senior high school stu(lents. The data of U69 subjects from 
Newton, Massachusetts* showed that 95% to ^0C% of high school 
graduates attain conservation of mass and weight but only 68S 
of t hecj reach the conse rva txon of volume. On the average* 
hoi^ever, only ^7% of the secondary st'jdents conserve volame, 
Koreover* ElVind foiin^ that, in all secondary grades, l^Q* 
scores a nd age were posit i vely cor rela ted vith volume 
conser va t ion and a si j ni f icantly h iijlier nuinber of boys than 
gi r Is conserved volume, M^dsl a nd Sch oeppe (1973) replicated 
Elkind 's ( 196 l^b) srudy on 28 eighth- grade females in 
Levx^^town, 1^8w York* Their '^rorsults are strikinyly parallel to 
thoiie obtained by ElHind for the r>:i nie mean aye group*' (p- 309)- 
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In volUTio, jjarticiilarly, N'a'lel and Shooppo found that only 29% 
of their s ub joc t s, vhos^e mean age vas 13 ya<irs 5 tDontiis^ had 
reached tne conception of volun^e conservation (p- 309). 

Elkind (19 62) , finally, extended his testing to youag 
adults. He chose a sample of 2^0 college students from 
Wa ssach usetts whose ages varied b^-tween 17 and 37 years. His 
results were consistent with his previous findings in tnat 92X 
of those college students conserved mass and weight but only 
5Q% con starved volunic. Age as well as I.Q. score vere 
positively correlated to volume conservation and significantly 
more boys conserved volume than did girls ia all aje groups. 
Towler and tfheatley (1971) replicated Elkind's (1962) last 
study on 71 college stuients at Purdue University aad rhey 
conf ir njec! EDcind * s resul ts. 

Lovell and Ogilvic (1961) used Piagetian methods to 
question 191 British students in grades 6 to 9 about various 
volume concepts. They found that Piaget (Piaget et al., 1960) 
vas certainly correct vhen he assorted! that a well developed 
concept of volume can riot be attained, on the average, before 
age 11 or 12. In fact, "it appears that not until thii foarth 
year (age IM) oC the junior school do 50 per cent of pupils 
realize that the amount of water displaced by a single cube is 
independent of the sizG of the full container" (p. 12M). On the 
other hand, the rpsearchers believed that pr oper sch ool 
training can sjjeed up the acquisi tion of the volume concepts. 
They pven assumed that it is [.Qs^^lble to *'lcarn" uov to 
calculr^te interior volume as veil as occupied volume, before 
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the concept of volume {in t^rins of water diiplacemejit) is 
developed; and trusted that such activities may focus attention 
on conservation of both interior and occ upied vol u me* Lovell 
(1971) sugyasted that even sonie seven and eight year olds can 
learo hoy to use the alyorithm "V = L x W x B" in order to 
calculate the interior or occupied voluose of a cuboid (p* 179)* 

Uz^i ri s ( 1961*} tested Pi aget * s f ind ings of the ordered 
sequence of conservation o£ substance, weight, and volume vith 
respect to the variation of materials used in the experiments* 
The data collected from 120 eloinentary students io Ellioois 
supported Piaget*s sequence and the average ages he foand in 
conservation o£ substance and weight but not of volume. Only 
20S of Ozgiris* sixth graders, who had a oean age of 12 years 2 
months, conserved volume* Bat-*ffaee (1971) also reported sdpport 
of the above sequence of Piagetian conservation tasks in the 
data he collected from 1Q1 pupils in Missouri * Bdt-haee, 
further stated that conservation performance was positively 
related to 1*2* score ^nd age; it was independent o£ seJC* 

Graves ( 1972) i n v^^stiga ted the effect of race and sex oo 
the df^gree o£ con^^ervation of mass, weight, and voluaie* She 
tested 120 adults; 30 of whom were white males, JJ white 
£eiEal(r.., 30 hlacX males, and 30 black females* The subjects 
were all enrolled in adult !)asic education classes and their 
cjrade 1 eve Is varied froni one to eight* Slaves found tuat io 
volune conservation tasks, whites scored significantly higher 
thari bltichs? and ^aal^s scored sig i,i f ica n tl y higher than females* 
Kort^over, 737 o£ all subject admits conserved mass, 61% weight 
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but only 2**:; vjIuji-:*, Giaves conclutled that in the c.isti of 
volume, na*^uration alone can not explain 3**vel opinont, "It may 
be that educational or practical experiences in the sciences 
and patheipatics are nececsa ry before an individual can attain 
conservation ... of vol ume*' (Graves, 1972, p, 223 J . 

Pr ice- Wil lia.Tis, Gordon and Raminaz (1969) studied the role 
of &x[>yrieTice and i>ar t icu la r ly manipulation in various 
conservation tasks. They adniin istered Spanish versions of 
Piaqetian conservation experiinents in n umber, liquid, 
substance, ueight, and volume. Their sample consisted of a 
total of 56 Mexican students whose ages varied between 6 aud 9 
years; lialf of the students lived in pottery- making families. 
Those chillren who had experience in pottery-- ma kiny scored 
significAiitly higher iii substance conservation tasks thda the 
other subjects. The same children scored higher out not 
significantly higher than th^ rest of the subjects in all four 
retaaininy con St^i: va tion tasks. Pi ice-Williams et al. cuncluded 
that their study suggested "tha t the role of skills in 
cognitive growth may be a very important factor" (p. 769). 
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5!!il5^£i-L*El^-I;;2licat ig52_of _Lit era t 

Within certain limits, age does not seem to affect the 
process of conservation training, in number conservation ^ for 
example^ Rotnenberg and Orost (1969) succeeded with younger 
children while tfohlvill and Low (1962) failed with older oues. 
What appears to be iaiportant is the cognitive level of the 
subject involved- Inhelder (citod in Hodjil, 137^1, pp. 125*126) 
reported that in one of her experiments 12. 5X of the 
preoperational subjects progressed to an intermediate level 
while 75% of the in tec mediate level subjects advanced to the 
operational level. This particular finding can be seen across 
many studios; tfohlwill {1959)^ Beilin (1965), Strauss and 
Lanqer (1970) and others have noted that training is most 
sue cess f u 1 with childrenwho are "in possession of the proper 
cognitive structure but have not yet reached equilibration" 
(Kingsley and Hall^ 1967). These subjects are said to be at a 
transitional stage and standing "on the doorstt^p" of 
conservation. 

For voluine^ hot/ever^ the reviewed studies indicate that 
the expected percentage of conservers aniong 11 and 12 year olds 
(gcade 6 and 7) varies froai 20% to 25% (Uzgiris^ 196U; Elkind, 
I961-a; Chupentor^ 1975-b) . This expected percentage of volume 
conserve rs is [>a rt icj l^ir 1 y important to this study. The nature 
of this 5;tudy r*ccer.si ta tos the inclusion of voluine coa servers 
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in th^ Sfi ;? pi e. ,ir a J u A £ico^s to bo ti r e ^nn-it 1 € choice t or this 
study Lecause (1) it is just one gr=ide hightjr than jrade 5 
wherein nost textbook scries introduce the vcluie algorithm for 
a cuboid and (2) ono can expect to £ind a sufficient numoer of 
conservers for the ntudy* 

tja ture of Volume Conservation Tests 

The value given to the subjects' justification for tUeir 
respoii:ies while inferring ti*eir devol op mental stages (i*e*, 
conservat ion levels) sec*m5 to ha ve ca used a consi Jerable 
discussion in the literature. Some cf Pia get's main 
collaborators, for example^ have explainerj that in Pidjetian 
experiments **3pecial attention should be paid to the child's 
justif icatiop of his answers (Inl;el3er and Sinclair, 1369, 
p*5)*" Others have criticized the eoinance of language in 
Piagetian typo exp'^.^riments %ni ^ specifically have disagreed 
with Piayct's emphasis on the child's verbal explanation of bis 
act ions and decisions (F la veil, 196 3)* In order to eliminate 
this procedural prohlen^ sooie researchers have conducted 
research in which they did not require justification for 
St u dents' responSf*s^ and in fact [ja ve a t to3ii>ted to a void verbal 
instructions throutjh pre training procedures (Braine^ 1959, 
Bever^ Mehler and Epstein^ 1968^ for oxaaple)* Calhoun (1971) 
reported difficulty in a r rie-'^sing ch i lilro n ' s number consor vat ion 
usi ng their verbal rpsp jncos an 1 r ecomm^^nded the u^^e of totally 
nonv(*Lbal procedures for .such d r>S(^ss:R^ r: t - 

Fosearcliirs who favour j j st i f icat ion seem to believe that 
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without such just if ica t i jn t y^js I or t or may be CiiUoed by 
mistakbaly inferring a higher developiaental staye to suo jects, 
Subjf^ct.^ may respond correctly by concentrating on irrelevant 
a t tribu tes (Sme<3<;lund , 1963 i nd 1 969) * For example, a child 
iright respond correctly by simply chosing the first (or last) 
alternative or, in case of volume conservation testing, by 
f ocusi ng on ths substance or weight attribute* Research is 
reported vhich has shovn thct more subjects are classiiied as 
conservers when the justification criterion was n>t used than 
when it vas ( Brainerd, 1973, p* 1 74) * for exa mple, E oil { 1970) 
reports that fev of his trained number consecvers shoved verbal 
a wa roness of conservation* tfoh iw ill and lowe 0962) in dicate 
that using their nonverbal training procedures for n umber 
conser vat ion t he i ncrca 3e in c on ser Va ti on res pon ses became 
nejlicjible when v*?ubal jtistifications were demanded* Thus the 
aryunient is that justif icd tiors of students* responses pay 
further reveal thc?ir ve lop:^ en tal level and reduce type I 
error * 

n esra rche r s who opj^ose the rt^cjuireoient of a verbal 
explanation for inferring the subject's deve lopi&e nta 1 1g vel, 
arque thdt type II errors may be made by using criteria which 
are too stringent* The argmncri^t of those researchers seems to 
be based on the theory of Piagot himself* Flavell {1963], for 
bxample , oh^^f r ved that in ::he th»^ory of Pi a get *' language 
behavior is 1:2 re treated as a tiopendont variable with cognition 
as the indcp* ndent variable (p* 27 1) * ** Prain^rd ( 1973) also 
explains that '*?iayet has lan^ Hfiiittained that **• cognitive 
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i;t cuct UTi^s oc itiiua tc in lorjic cd ther than l<^uguaj^:** dnd 
fucthpr, considt^rs adecjuate eicpldnations sufficif^rt Jut not 
Decessary conditions for inference of co:jnitive structaros (p- 
177) . Brainerd holds that if one choo.ses to employ the 
explanation critt-rion, then one urduly restricts the beUdviocal 
domain to which the theoretical c on struct (structure) applies 
(p- 177). Dcairerd concludes that f r om tlie sta ndpoi nt of 
Pi a get ' s t hooey the judge en t cr it&riDn ri sks onl y the usual 
"extran*ious'* type I awd tytie II errors but does not risk any 
built in source of erroc as does the explanatior criterion 
(P* 178) , 

Hobbs (1975) sided with Braiaerd while discu.ssing the 
nectjssary and sufficient subject' s betiaviour for determining 
dev elopaen ta 1 level a nd a ppl i ed his c oncl usi on s ta '/olune 
conservation testing- He explained that even tliou jb in 
Pi a get ian type testing a nsistak;^ is not taker at tace value and 
subjt-cts are given re{>eated chances to yive the cocrect 
answers, the persistent subjectivity of the expcr imeu ter is 
lia ble to ca u He incor rect in f ec ence of ccrse rva t ion le vels 
(Hobbs, 1975, p. 272) . 

Piayet ' s position, rO(jar din g the verbal jus t i f icat ion of 
the subject's actior, docs rot J>eein to oppose Braiaerd's (1973) 
or HobbH ' ( 19 75) pDsiti on. Piaget (1963) explai ned taa t the 
nature of his opiiiteniolD^jical studies necessitates interaction 
with thft subjects in ord<tr to urifiacth what is original and 

ea si ly overlDoKed - * * ^nd to [use] mot hods, iricl Tiding verbal 
ones, which are as free and flexible as i)ossible-*' Fuctiijricore, 
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he oiiCotiri jo3 o luca t ots to con iu ct stu 5 ios una er coji t rol lt*3 
conditions (Pia'jet^ 1963* p* i , t^ore r&cent ly* Pidget (1^73) 
explained that 

In fact it is a very general psychological lav that the 
child can do something in action long before he rea 11 y 
becoaes 'aware* of what is involved- 'awareness* occurs 
long after the action* In other voids, the oub jec t 
possesses far yreater intaHectaal powers than he actually 
consciously U5;as, (Pi a jet* 1973* p- 86) 

fiobbs (19 75) developed and use3 a displaced voluoe 
conservation test based on judgement alone. In the first i>art 
of the tpst subjects were shown experimentally that objects 
occupy space in water and cause the water level to rise and 
that the space occu pied v ar ies direct ly with the size of 
objects. The second part of the test was designed to detect 
th ose who persistently judged that weight* rather than size* is 
directly re la ted to the space occupied. The last part of the 
test consisted of presenting balls of the same size and jiasses 
of water to the same level, iminer^sing one of the bails in 
water, transf or'ning each of the other balls in turn and 
questioning the studoLt about the anticipated water level in 
the other ^lass if the transformed ball was iirirersed in it. The 
procedures usetJ by Hobbs ( 1975) were particularly useful ia the 
develo^jEent of the Volume* Conservation Test used in this study* 

The position of Piaget (1973) himself and the 
interpretations of Fid vol 1 ( 1963) and Dra inerd (1^73) to 
Piaget's theoty are the basis for the justification of the 
judyc ipn t^based V ol un»e Cor 3**rvdtion Tost used in this SLUdy* In 
the d t;Vt^lop:D^n t of tlie Volume C on.ie rvd ti Test* f urther care 
was taken to ifluct? type I error caiKsed by fjtudeats* 
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CO neon t tation on irrelcvint ib ato:;. For e )C.i*^pl no 

quostiuns that allowed subjects' yuessiny vcTe asked. In fact 
the responr^e fornat consisted of darkening one of five broken 
lines to ichevor the stvidtnt thought the water rose. Further, 
an effort vas roade to detect the stud en ts ^iho concentre ted on 
veiqht rather than voluoie and classify th ose st iKler* t s as 
nonconsorvers of volume. The criteria used in devolapinj the 
items of the Valume Conservation Test used in this study vere 
ba sed on Piaget's testing procedures of volume ccnsbrvation 
(Piaget et al,, 1960, Piacjet and Inhelder, 1^68), The variety 
of transformations to plasticine balls, the preparai.ion of 
subjects for the test and detect ing the conservers of weight 
but not volume were adaptations of iiobbs* (1975) proceajres in 
his vol urn e crori ser vat i Dn testing. The protocol of the Volume 
Conser vd t ion Test used in this study is presented in letail in 
Chapter iri. 



The concept underlying treatD^nt procedures is d very 
important issue fc^rcaus e this study is designed to ^now the 
ro Id tionf;hip between training on the una ye ^f the vDlume 
algorithm "V = L x W x H*' and volu^ie conservation, h concern 
has been oxpr^r.sod about the rvt?cessary multiplication abilities 
involved in the calculation of the volume of a coboid tS^^itler, 
1977), It is conjectured that jhen students art proficrient in 
varying factors of a fixed oco^iuct they can rapidly t^rcnilct, 
doternine and co-aparo volura*^s ar dnjonsions of cuboii^, For 
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oxaaji^le, it is i^robaMe thi t Gtu<l'*nts with such 1 rof iciency 
would fiuccossf u lly solve ?idyet*s is land f rcblea in which 
subjects are to predict the height of a repldceoeat for a 
condennerl building to be built on a base different from the 
or igiBal. In other vords in this treatment factor nsanii^aiatioa 
is consilerei to be the key for volunie calculation a ad 
con;;ervation. This conjecture i)rovi3es the basis for the 
multiplication treatment of the study* An outline is given ia 
Chapter III and diitails are provided in Appendix A. 

The conj&ctare mentioned above may be justified within the 
context of the cognitive theory of Piaget* Inheltler aad Piaget 
( 1 958) asserted tha t c orise r va tioa presumes reversibility by 
i n vol si on- ney at i Dn or by reciprocity* Bee ipr oci ty **# * - is 
analoqojs to co!spensatinq chan^os in one affirmatioD by ejual 
and opposite chinq'^s iu a related af f iriti^ti oa" (Brainerd, 1970*, 
p* 227) * The pr Dct* lij r e proposed in the previcus pa ragra pii is 
intended to train students in CDQpens3tint| one or lEore factors 
in multiplication with respect to variations in other f ac tors* 

In fact the effectiveness of reversibility via iu^trsioa- 
negation Sf'C^ros the most puocising of trai ning pr:>cedure5. 
Placet cautioned, however, a^jaiust inappropriate goneralxZation 
across various c on rva tions- He explained that the firdc-order 
consr-rvation [nii::il>er, lon<jth, substance, weight, and area) are 
an i[,3ex of coEicrete o i>t*rti tionil level and that secoi: d-or der 
const^L vd t i ons (volume, ien.*;! t y , noraeii tuiD , and r ect li in ear 
motion) am an indpx of for.nal oj^Piational lev el* lie adied tha t 
the f 1 1 ^t- order JDn^jer vd t i aiiS r jcuire onl y successive 
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a p t^H Cti t ion :)f the two as [>oct s of rcv*jriwLility (invt^rsion- 
nc gat io n a nd coaipensa t ion) , vh lie ths Str-con d-o rder ones 
necpssitate? simultaneous application of both aspects (I n holder 
and Piag^t^ 1958, p. 330). Inhelder (cited in Green, F3rd and 
Plainer, 1971) also objected to the separation of various 
aspects of reversibility. She held that emphasizing one aspect 
of rev*^rsibility, at the <ixpense of the other, could nara the 
subjects • learning, 

Piaget further raaxntains that proficiency in nuniber 
ma nipu la t i on d oes not lead to unJlerstanding of volume if 
conservation is not achieved. He holds that "it is one taing to 
multiply tvo number.^ together and fjuite another to multiply tvo 
lengths or three lengths and an,3erstaiid that their pr3iltict is 
an area or a volume. The latter involves the cootinuity of 
Space , . . ^* (Piafjet, et al,, 1900, p. i*00). There seems to be a 
possibility that the multiplication treatnent would lead to a 
limited and teini^orary lear^iing of the volume algorithm and of 
conserva t ion, Pi^get would ^xa^nin"^* the effectiveness ^f such 
learning with ref^pect to three criteria: retention, 
genera 1 iz^t ioji , and co jni ti ve le ve 1 of subjects bef3r e s uch 
train in g {P iaget , 196^* , pp, 17-18). The results of this study 
are GXpf-::ted to reveal the pffoct of multiplication sKills in 
the lea rning of the vol uD.e algorithm, 

The nth or l X i'*:?r i n:f^n t ril t r *>ri t mf?nt , lab(^led vjiume 
treatnf*nt, was fit* ;igr,cd to tfMch the volur:e ^ilgotitum for a 
ciiboifl "V = I X W X li" using an d [)pro ich that r^^st^mb les tb osa 
of iichool pt og rcj ms ij^;'"ici in tJor t h A ;:o lica and particularly in 
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6ri tish Col iiHtbid- S uch r e^^ ejnblance v A5 necessa cy iu OL\ier to 
apply the rt^sults of the study to school progudinis* Od the other 
hand^ this treatment was considered an improve pent over school 
approaches because it was more coirprehensive and required more 
students' active involve oaentf for example in buildiug with 
cubes ^ than is norjoal in the elementary school classroom* 
Furtherjnoref the sequential progress of activities used m this 
treatment ^ comparison ^ order in ecu nt ing of cubes^ algori th 
vas consistent vitb other models for the teaching of volume in 
parti cular {E lliot e t a 1 w Teacher ' s g uidebook, , t*, 

p, i») and of measurement in general (Thyer and Waggs, 1971), 

Preliminary activities of this treatment inv:>lved 
Giacroscopiwal direct com par ision and direct ordering of closei 
bo ices (cuboids) with re spec t to their volume as well as 
building with unit cubes nioiels of polyhedrals seme of whose 
units may riOt be visible^ counting the number of cut>es and 
stating the voluset^') (Eicholz et al* , 197^^ v* 5^ p* 276; 
Dilley et al, , 197^*, v, 6, p* 110; Elliot et al*, 197^*, v, 
p, 1i»S), Later, students used nonstandard then standard unit 
blocks to buil;) similar cuboids to the ones given, counted the 
nu[nbcr of blocks and inJir^ctly coid pared then ordered those 
cuboids. 

Thp volu-ne algorithm '*V = L x 'rf ic H" was introduced as a 
.qiisplif ic.ition (Hicholz ot =il*, 1974, v, 5, p* 276) of cjauting 
cubes i,e*, lenjth X wilth yieldRd the number of cubtis in one 
layer and Ion:jth X -./idth X iioi^'jht j-^ve the total nthTjjer of 
cubes {Dilley et al,, 1974, v, p, 134; Klliot et al, , 1974, 

5(; 
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V- i*, p, 1^*3). Tiiis tr^atnaent 3n33d by applying ta& volame 
algorithifl to various cases* For example, the algorithm was 
applied to attachments of cuboids (Dilley et al., v. 6, 

p. Ill), to partially covered cuboids (Eicholz et al., 197*1, 
V, 6, p* 272) and to proposed dimensional transformations 
(Eicholz et al., 197a, v. 6, p. 273). An outline of the main 
activities of tais treatment is given in Chapter III and 
detailed lesson plans are provided in Appendix A- 



There seems to be a growing oelief among educators that 

ir.t^ 11 actual do vslo pmant , at least for transitional subjects, 

can be accelerated with proper training* Flavell and Hill 

(1 96 9) sunimarized; 

The early Piagptian training studies had negative 
outcomes, but the picture is now changing. If our reading 
of recent trer^ds is correct, few on either side of the 
Atlantic would now maintain that one cannot by any 
pedagogic means measuraoly spur, solidify, or oth<5rwise 
further the child^s concrete- operational progress, (p. 19) 

Even those who are in accord with the Piagetian theory 
hold that learning can accelerate development but they maintain 
that it does fiot initiate it (Smedslund , 1961 ; Half or d and 
Fullerston, 1970). Piaget hin<5elf consid'^rs education to be a 
tool for stage acceleration: 

Bat it remains to be decided to what extent it [education] 
is beneficial.*. Consequently, it is highly probable that 
th,?re is an optimum rate of developiaent, to exceed or fall 



behind which voold be e^oally harmfol- But we do not know 
its laws, and on this point as well it will be up to 
future research to enlighten os. (Piaget, 1972, quoted by 
hodgil, 197C*, pp* 126-12 7) 
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CHAPTER III 

Th is chanter xacl udos discussioa and description of four 
©ajor consideratioQs: the choics of subjects, description of 
the tresi tuients, the preparation of tests and the way the tests 
and treataients were conducted* 

Subjects 

Ttie stuly vas conducted on sixth grade students in a 
su bu rba n school district of th© lower mainland of British 
Colu jnbia, Tliese sat jec ts followed a mathi^iratics t^rog ran typical 
of those used in North Anorica, In 1971, the aiinual average 
f a niily irsconje in that district s ^ 1 1 033 wh ile the av erage 
family income in the Vancouver aietiopolitan area was ilO 664 
(Stati. sties Canada, ^^^^)* These subjects wcie of aj-^s and 
socioeconomic status similar to thos3 of most siibarban ^raue 6 
st udt*nts i n North A^nerica, The sample chosen, the re fore, 
appoaced to be reprosoii 1 1 1 i ve of tV.e oopij lat ion of jiburba n 
grade 6 students in North An^'ric=i, 

The xubj::jctG consistt?d of 171 .st^idmts cf seven jrade 6 
claiTses in thr<^e school;.^, Erich of twj ochools had trfo full 
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cl aKiiCS of jrade 6, vliilc tho ih i rd srhojl had one f uLl class 
of yrade 6, one cla:;s of grads 5 and gratle 6 combined, and one 
class of yrade 7 and grade 6 combined- Subjects who missed aoy 
test or treatment day were eliminated from the study. The final 
satople was 105 students. 



Description_of_the__Tr gat gent s 

The study included two experimental groups and one control 
group. The two experiinental groups underwent two different 
trea Intents which were both aimed at arriving at the vol ume 
algorithm of a cuboid i-e., V = L x H x H. The treatmeot of the 
control group con 5isted of learning various nu aer a ti on s/ste ms. 
The three treataients i-ere believed to be of about the same 
level of difficulty and required about the same amount of tioe. 
Each of the three tre-atnents is dt;Scribed in detail below- 

Volupe Trea tm^ijt 

The aim of this treatnient was to teach the voluma 
algorithm for d cuhoid "V = L x W x H" using a guided discovery 
metho:! bdsed on approaches of present school programs, in such 
pi og rams volucife lessons include activities for finding or 
computing the volarrK^ of cuhoitis by counting cubes or by using 
the alyoiithm, "V = L x W x H," 

The niain concepts and <ictivitic*s of this troatiaeut are 
outlined below* Complpte and detailed If^^son flares are provided 
in Appond ix A. 
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K Diii'Ct CUD jv-ii" ioOn o £ ob j*^cts , 

2, Dirtjc t ord^.^ri ntj of ob jec ts- 

3, Indirect cor*parison of closed boxes* 

4, Standard units: , dm^ and cie^, 

5, Indirect ordering of cl oscd box gs . 

6* Volume of polyhedral models built from unit cuogs- 

7, Volume of partitioned and no n- par t iti oned cuboids, 

8, Alyorithm for the volume of a cuboid "V - L X tf X a." 

9, Application of the volunja algorithm to cuboids and 
diagrams of cuboi ds, 

10. Application of the volume algorithm to the following 

ca ses : 

a. Word descripti Oh of cuboids^ 

b. Cuboids touching side by side. 

c- Diagrams of cuboids with some unit cubes attached 

or TGHioved, 
d. Attachments of half cubes to c uboids- 

Diagrams of partially covered cubcids, 

n , A pplica ti on of the volume a Igorith m to cuboi ds with 
proposed fliin on signal trans form at ions. 
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iSJiltiXjii^i^ion ^Trea tinftnt 

Th is t rea tvuont r like the vol ume treatment, aimed at 

tpaching the volume algorithm of a cuboid "V = L x W x li'*. The 
emphasis here was on dtjveloping the skills of varying lwo and 
three factors piovided that their product remained fixed. For 
exan^ple, given that 24 2 X 3 X the students were trained 
in coropletinj :^tatenieTits such as 24 * 6 X [ ] t { This tasfc 
was follOif^d by a i rief dif>cussion of the volume of a cuboid 
"V = L X W X IP', The r!etdils of this treatment are provid'^d in 
Appendix A; a brief ouMine is given below. 
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1. H'j vie w of the coD^nut at i7t an;l associa t ive princi f les* 

2. Prescribing the ranye for tha icissiEig factor in an 
inecjuality involving tvo factors at each cf its sides. 

3. Pr esc rib ir»g the range for the laissing factor in an 
inequality involving three factors at each of its isides. 

U, Effect on the produ:rt of two factors when these 
factors are ch anged addit iv ely or mu Itiplicati vely. {Note: 
•*acldit ively" and •*niultiplicatively'» will subsume decrease 
as well as increase.) 

5. Ef f t on the prod uc t of threa factors when these 
factors are ch-^n^ed additively or raultiplicatively. {Note: 
"addit ively*' and **niultipl ica ti ve 1 y'* wi 11 subsutte decrease 
as we 1 1 as i n c re as e. ) 

6. Effect on one of two factors when the other factor is 
changed and the product is fixed 

7. Effect on tvo {or one) of the three factors when one 
(or tvo) of these factors is (are) changed and the product 
is fixed- 

8. Clarification of the concept of volume, 

9. Algorithm for the voluDe of a cuboid "V = L X a X H,*' 

10. A pp] ica tion of the volume alg ori thm to partition ed, 
partially partitioned and partially covered cuboids. 

11. Application of the volume algorithiD to cuboids vith 
proposed dimensional transformations. 



This treatment was given to the control group for the 
purpose of controlling for any "Hawthorne", iLaturation, history 
and sensitization isti^^cts. The treatnient consisted of an 
instructional] urit on nucoration systetrs and was believad to be 
of about the latne 1 evel of Ji f f iculty as the t rea t raeot offered 
to th<? tvo expcri nt^ntal <jLoips. The following is a general 
outline for this treatrent (detailed lesson plans may be found 
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1. RGvieu of Base 10 pi ace value concepts 

2. BuTidlin^j in fi ves and expressing numbers in Base 5 

3. Counting in Base 5 

Converting numerals from Base 10 to Base 5 

5. Bundling in sixes and expressing imtLbers in Base 6 

6. Counting in Base 6 

7. Converting numerals froia Base 10 to Base 6 

8. Converting numerals from Base 5 to Base 10 
9- Addition in Base 5 with and without renaming 

10. Subtraction in Base 5 with and without renaming — 



Oo_scri ptign _of ..Tests 

Three difff^rent tests ve re adiiii n istered as pret ast s, 
po St tests and te ten t ion te sts. The pre tests consisted of the 
Volume Achievement Tost, the Volume Conservation Test and a 
portion of the Stanford Achievement Test (SAT). The t)3Sttests 
and the retention tests consisted of the Volume AChicveaent 
Te St, the Volume Con starvation Test and the Multiplication 
Achievement Test. The Volume Conservation T3st, tha voluae 
Achiev£jment Tast and the Multiplication Achievement Test were 
piloted using a fifth grade class, a sixth grade class and a 
seventh grade cia^s. The pilot results vere used to revise the 
cla ssi f ica t i on schenie of cons ervat ion levels, to c on firm the 
suitability of the grade level (sixth) cKor>en for the laa jor 
study and to i::i prove the testing i nst ruirc ntn. Each of the 

63 



so 



rev i<:ir<3 t^'Sts vill be doscribeJ ir* turn and co[)ies of tt:o t*i:5ts 

except the VoIuiog Conservation Test are included in Appendix E* 

The Volume Conservation Test is completely described bel^w and 

the answer sheets are given in Appendix E. 

The Volume. Conservat i on Test was based on procedures use3 

by Piaget (1960), Piagetand Inhelder { 1963) and Hobbs {1975) 

in their detection tests far volurae conservation levels. In 

this test the experimenter explained the procedures and 

demonstrated the tasKs to the class as a yroup. Duriag this 

test an effort was made to Keep miniiaal the interaction among 

students, and between students and the experimenter* Each 

st uden t res ponded on a sepa ra te a nswe r sheet by da rkea lag a 

line to show the judyement. Teems such as *'incre'* or "les:^" were 

avoided as much as possible. The first part (pages 2 and 3, see 

Appendix E) of the test was intended to give the sLulents 

familiarity with the test procedures. The second part {pages 

6) was used to identify those subjects that associate volume 

wi th woigh t. The t h iid part (pages 7-11) was desi j ned to 

classify the subjects in one of the three categories, 

n one on^e rva ti an , partial conservation and conservation, lu the 

last part (pages 11 and 12} the students were asked to jive 

reasons for their j udgement ; this provided validity inf oraiat ion 

ror the classification in the third part of the test. The 

following is a description of tha conservation test. 

1. The experiiiienter displayed, side by side, three 
identical test tubes partially filled to the samt* level 
with colou red w^ ter. The le vels were ma r}ted araan d the 
tubes. The ex^jer in^ n ter told the group that the levels 
were the same. The experimenter then displayed two 
itientical balls and a larger ha 11 of plasticine cl ose to 
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the t ubf??;. ;lo told the .jrouf tha t two of the balls iiore 
the siiTG and the third was larger. He asked a student to 
cotae forward and confirm that the water levels in the 
tubes were tho same, that two of the balls were the sape 
and that the third was larger. If the student disagreed, 
the e xpcr imcn t er asked him to adjust the amount oi water 
or plasticine by adding or deleting. £ach student was 
given a pencil and an answer booklet which consisted of 12 
different coloured answer sheets. 

2. Tht: experiment er asked, *'tfhat will ha ppen if I put this 
ball (right) into this tube (right)? Wheie vill the vater 
level be?" The experimenter put the ball in one jf the 
tubes, the water rose and students were instructed to turn 
to page 2 and observe the drawn result. This question was 
suggestive by nature and was intended to familiarize 
students with the questioning and answering process. 

3. The experiiTenter asked, "What will happen if I put this 
other ball (middle) into this tube (middle) ? Vhere will 
the water level be after I put the ball in? Darken the 
line nearest to where the water level will be after I put 
the ball in.** The subjects darkened a line showing their 
judyeinent and tu r ned tc page 3. Then the experimeDner put 
the hall in the tube and pointe3 out the level to the 
St uden ts. 

M. Step 3 was repeated using the third tube and the larger 
plasticine ball than the ones in the first two tubes; 
students used page 3 for their responses. 

5. All tubes and balls ver e removed. The experimenter 
displayed two new tubes partially filled with tae same 
amount of water, a plasticine ball, and a steel ball of 
the same size as the plasticine ball. The e xper i loent er 
pointed out that the calls were of the same size. A 
different i^tudent *fas called on for verification. The 
student was also asked to compare the weight of the steel 
ball and the olfisticins ball using a double^ pan xjalance 
scale. The ex per i Cionter put the plasticine ball in one of 
the tubes, the waiter rose. Similar questions to the ones 
in section 3 above were asked using the steel ball. 
StuOents respjnded on page then the experinjen rer put 
the steel ball in the tube. 

6. Step 5 was repeated using a steel ball which was 
su^aller but heavier than a ball of plasticine. Stuients 
resporsrled on page 5, turned to page 6 and the e x per i njt^n te r 
put the stt^el ball in the tube. 

7. All t u hns and halls wore r emovp Two new test tubes 
part ially f i 1 led with wa te r vere display*- J. The 
e xpt r i nif n ter pr(*ben ted two cu hes ; one ina de of g la s j, the 
other of ,ilu'&inum. dotn c>jbr^s had t!jG same size but one 
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s Im ,1 vier than the ot her. A u<iont cdwe f oLWd i nd 
conf ir cicd t he^c* facts. The expcricjoritGr put the glass cube 
in one of the tabes and the water rose to a certain level. 
The ^xp^riwenter said, "From now on I will n^t saorf you 
the answers. If I put the dlunsinuni cube into thio ether 
tabe, where will the water level be? Darken the line 
nearest to where the water level wi 11 be»" Student,; wsre 
instructed to respond ani then turn to page 7. The 
experimenter did not put the aluminum cube in the t abe. 

Subjects who failed two of the quc*stions on pacjes ^, 5 and 

6 demonstrated evidence of associating volume vith weight. 

These subjects were classified as nonconservers of volume. The 

i^ocond part of the test innnediately foil owed. 

8. The experimenter presented two test tubes, and five 
plasticine balls of the same size. He put one of toe balls 
in one of the tubes and the water rose. He then roiled one 
of the balls into a sausage shape in front of the group. 
The experimenter then said, *'If I put the sausa^je into 
this other tube, where will the wa ter level be? Darken the 
line nearest to where the water level vill be*** The 
children responded ou page 7, turned to page 8 but the 
expf^rimen tor did not put the sausags in the tube. 

9. Step 8 was repeated by t r-ins f or m ing cne of tae balls 
into nine or ton sua 11 pieces, one of the balls luto a 
small i-iece and a large piece, and finally the last ball 
in to three similar but flattened pieces. In each of the 
above iDf^ntioned trans formations the students used a 
separate answer slieet (pages 8,9,10} to darken a line 
inaicating their judgement. 

10. All tubes and balls 'rf&re removed. Two bearers wxth the 
same .imount of water and two plasticine biills of the same 
si 2fe Were presented. A student came forward and confirmed 
thoso facts. The experinienter put one of the bails into 
one of the beakers- He transforined the other ball into a 
"pdncdJte" shape in front of the oroup. He then said^ **If I 
put the *pancaKe' into this other beakor, where will the 
water level be? Oarhon th^ line nrarest to vhere the water 
IgvoI will be.** The children r'?sponded tp^ge 11)- The 
expt:*rintenter did not j^ut the 'pancake' in the b;>a/ter but 
he said , *'If you i ndicatoJ that the leve I of the wa ter 
will be higher Ihan the lovsl in the other beaker, explain 
why it will be hi jner. If you indica ted tha t tue level 
vi 11 be lover, ex pla in why it wi 1 1 be so. Aad if you 
indicated that the wat**r level will be the same as the 
ot h*.>r bt?a !:er, expla in ^hy it will be the sasae. " The 
s t uJ en t s r ur ponde d an d turned to page 12. 
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IK The h*'aXer cjntainihi the h^\\ wns ruul^^oj oy an 
iJentical linnker with uator at the Jace level. Step 10 was 
reiH'Jted using two identical boxes oadc of narbie. The 
G xpur LDfcn ter put the f ir st box and it^; detached top 
5^iriultaiieously into one of the beakers. They sank- ii^ then 
placed the top of the othor box on the box and said, "If I 
seal the top to the box, put the box in tlie other be<iker 
and it sinks, wliere will the water level be? Dar/ten the 
line nearest to where the water level will ba,** The 
experimenter asked for reasons as in step 10, 

Succp.ss in the ahove tost was measured by scoring tue five 
respoi^ses on slipet s 7 th rouah 11, -^ich item as cDasiier ed 
correct if tht coLrect line was darkened. Students who 
succeeded in all 5 r-isponjos wore classified as con:i^rvers. 
Those iiho succeeded in one or none were claticificd as 
noncon ser ver 3* The rest of the £;tudf,*nts wore clas^iiiiel as 
part id 1 const rv<*rs, 

TUe cotr:n,5n ts wr i 1 1 t-n by the st udQn t s on {:agos 11 a ad 12 
were only uted to re vpal the le^jree of consistency botwsieo the 
iitu.knts^ jadgon^rnt dnd r(Msoninj, Horfcver, due to difficulties 
in iuT t^r pr t ing verba 1 coiaip un ica t ions the^^e commen t s wu r e not 
con Si de rod in the conservation classification, Furtherrajre, the 
qu est ion on pag e 1 2 coiicerij ing the two marble boxes wa^ aot a 
pd r t of t he coiisecvat ion c 1 ass i f icat ion scheme. This j jest ion 
involvnd tw> unofjual ^uantititis and ^as not consistent with the 
Piaqet ian qusstx jaing protocol. It was incl uded Lecuse it was 
belit'Vpi that stiid«nts are aole more r>;isily tc give roa^oas for 
inequality tli^ii for equality, 

?hp p u ot the !lillie31Ii<J'l_A f ',i5;!l£E£IJt_X^^i;l to 

rf vtM 1 rtny pos.^ i Me c^^r relat i on !>Ht w-en v c lu :no ach le voarint 
cofG ml g jn^ra 1 natb t* Ii 1 1 ics ach ii v * m< n t , Tlie a ci th :se t ic 
co[l; Mt It ion sect ion of the S tin ford ^ch i e veirent T**i3t is used 
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(?lali^i-n *t ^l* , Vj7 3), Two r*^ liability coef ficicnts, the s^ilit 
ha If estij;atc and tho coer5ic;ient based on Kudt^r- fticua rdson 
foriRula, are stated in the nanual to be 0-90 with a standard 
error of 2-9- This fia :he[Datics Achievoiaent Test contaius 45 
multiple choict* items and was administered, as recorocienied, in 
a (TdX iiauiE of 35 minuses* The score of each subject on thjLs test 
was Jt;* or □ ined by the nurober of correct responses* 

Thp itons of the Volun^e Ach i evement .Test are variations of 
quest ions founts in the three text book ser ies, H£4th_Ele2i;*5i3IJ[ 
il^ib^Qliics, I&^es t i jat^in2_3chool_^athem^ and ££ojec t 

WatheTd^icg* The test was coicposed of 27 tjuestions for L-ach of 
which t\iH stiiont was givon a drawing of a cuboid, or ao 
attachment of cuboids, and asked to find the volume* 
Measurf^'r<-n of d i mcnsion s we re gi ven in the form of n uaber 
without units. Scores on this tost were also determined by the 
nuicber of correct responses* 

The ullIlL Dli^iiltQ2.-i£iii £l^Q5£llt_l££t coi^sisted of 11 
mul ti pi e J hoi CO i er^s and 9 shorx an !jwrr items* In so^e of the 
iten^s stuUntG i/*-re yivt;ri .ir.Sv^rt ions of the foriB a X b = c X d, 
aXb>cXc!, dXbXc==dXeXf, aXbXc>dXeXf, 
vKert jr.e o£ the f Victors was not jiv€n and were a^ked to 
prr^dict this 4ji.;:~>in(3 factor* Iii rther it£>i?s students were esked 
to ur C' 1 1 ct ch a n jt^r>, ch ^^.j increase, d< 'crease cr do'iblin j , in 
pr oouct s v:u^h f 'lc tors ch in^j^'d acid i t i vel y or aul tipl icat i vel y * 
5t u h fi* ^ ' :i.:oV'i:^ vt-i p -U>t*;i:n in^l by the ru c ler of their j orrec t 
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In^tu^ict ion _drt J^'Tost in3_? E oced 



iD.£Jt£!lc tor s 

Three male instruatous who vere all certified teachers 
were a^ed to carry oat the three tredtmsnts. The choice of the 
sa me so x i n sti: mc tor s vas m ade in order to exclade the teach er 
sex variable. The iiistractors were randomizej in suca a vay 
that each of thero taught all treatmeuts. The invf^stigatar dij 
not toach any of the trea taii*nts. lie trained the instructors 
before the treatments and provided printed guides and materials 
for daily instruction, fie also met with the instructors as a 
group f>very tnoraing and afternoon during the treatment jerioj 
in order to review lesson s$ ha ndle problems and in sure 
unif ortni ty of instruction. The instructors only carried out the 
4-day treatments; they did not administer any of the tMts*. 

Tiie inv=^stiyator admin is teired the pretest, postt^st and 
retention test of vol an e consp^rvation. Two female teachers 
ass i5;t od in ^.i-ain i ^^tering the ^;a theo^a tics Achie vemen t i> re test 
and the Volume Achievcniont Pretest, posttest and retention 
t e St 

Schec3ule_of_In struct ioii_ang 

In the bejinniny of the ^ixperinent the stUilents werti told 
that the rf*<iGon for incluiin^j them in the study was to learn 
more about th« vay yrade 6 .stadents le^rn matheiaatics. They 
we rp a Iso i nf ornel fhat the ontcone of the study would not 
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affect th^ir :}Zci \ d t school tor woiilrl it sor ve for in 1 1 vi^i ual 
diagnosis or oval Ud ti oiu The ^la ssroom teacliors vure re ^ nested 
not to tGdch any iDathenidtics Jariny the period cf treatment nor 
to discuss the treatfljont topics with their students- 

The ex peri roen t began by yi vi ng the pretests; matheaatics 
achieve:aent, voluiLe acaievenierit and volume ccnservation. The 
Volume Conservation Test wis used to classify students as 
conserve? rs, partial con Sf*r vers and noncon servers- The names of 
the sah jects of all classes at each school t^ere 1 is ted 
initially according to conservation level* Then the naiaes of 
pupils within each conservation yroiip were randomized across 
the three tro.^ tments- Boys and girls vere randomized separately 
in orier to balance for sex. This pr ocedu re deter lu ned the 
subjects of each tre^tnont at edch of the schools- Three school 
days at the Lr>jinniiiy of the experinent were reserved for the 
pretests and ranJomizition, 

Thp treitin^nts bes:]an after the three pretesting lays and 
lasted for f ou r consecu ti ve sch ool la ys- At each school the 
studt:;nts of \ ot'n classes were taught ir the thrpe predettjrmined 
groups for chf? s:3aie cl-iss period, on uach of the fojr days 
instructors r^ovod to all throo schuola in jiich a way than they 
gave at e^^ch ;;chool one cTa:-:s period of instruction before 
recess / ono after recpss and one in t^ie aftt^rncon- 

Two 'Li ys a f ter tt^e t i trnn ts th& Vol *inie Cons^ii vat ion 
Ti^iit, the Voln^^e Achiovej::<;Mit 7L-st find the flu 1 1 i pi ica ti oa 
Ach i< VfM**n t TL*i> t wt-^re <i n i.'; tj^r t^d, T hr '-^e coni;c"cn l i ve scit ool 
dd y s V or (J rt;:i<: r v*j^. for tKOs'ie i^ost tt?st s. The l {■ to n t ion tests of 
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vol uniL' con .^*.*r V at ion ^ voliime li iov orrt\at ami fnu 1 1 ipl ici on 
dch ieVGfuont wore given sevsn we-oks after the posttusts. Oaring 
these seven weeks the classrootD teactets resumed L'ejular 
cldss loom ins t r uc t i on in ma them ^ tics. 
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The basic concern of this study necessitated ccnsxd^ring 
tvo Train factors. One factor wis rade up of the three levels of 
volume conservation^ while the otiier was ccnrosed of the three 
treaticents, Thtire we re also four dependent variables^ the 
Volume Achieve in tint ?o3tte5t ^ the Volume Achievement Be tent ion 
Test, the .^^il ti pi ; c^t i-^n fichlevernent Pest test and the 
flul t ipl icat ion Ach itwB a cr^t t ention Test, Scores on ths Volume 
AchieVL^Pent PrettrSL .^na :^at h'^F^at ics Achiev e::ien t Pretest (SAT) 
were ast?i as c ^ v-^rid tes, A ^chenia tic representation of the 
design is yiven in ""able 3,1* 



f.T. pf-^r irient a 1 Des ign 

Conser vat ion levels ^'l jjI t i p licat i on Velum e Control 

and treatuients 

Non const?! V'^rs 

Partial conservtrs 

Conscrvers 



A ? re tf*i.t" ?ost t<'i.;t C on t rol 3 r ovjp design which appjd r s in 
C^i 3»pt<?ll and Stanley [ p, 13) w^s used with block inj on 
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the copseu va t ion facto r* Scht? r^a t ica 1 ly the design is as 
follows : 

PdQdoroizea Gl pretest Treatment 1 Post test Retenticn Test 
assignment G2 Prettjst Treatment 2 Posttest Retention Test 
to groups U3 Pretest Treatment 3 Posttest Retention Test 



H^jjot heses 

rfhile searching for answers to the aims of the stidy 
certain statistical hypotheses in null for© vere tested* Some 
of the h y pot hoses listed below were deduced from the design 
descrit^ed above while the others we re based ot\ the aims of the 
St ui y, 

H 1, Tliere are no significant differences in volume 
achieven'^^nt .scores* on the posttast and re tentioa test, 
amouy :r on serve t i on yr oups, 

H 2, There are no significant di f Eerences in vclume 
achievement scores, on the posttest and retention tt^st, 
a tnon^j t re at men t gro^ips* 

H 3. There are no significant interactions in volume 
dah ievoment -scort^s, on the posttest and retention test, 
hct wnnn ::or>s^r vation and tr eat men t * 
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ii 4- There a re no si jnif i ca u t (^if f urencds ia 
ji'jlti pi i-a t ion achievement scores, on the postte^t and 
r etont ion test, a mong trea tment gi:oui>s. 

H 5- The transition from a lower level of conservation on 
the pretest to a higher level of conservation, on the 
postt^st and retention tost, is independent ot volujie 
achioveroant scores on the posttest and retention test 
respp^ctively. 

H 6, The transition from a lower level or conservation on 
the pretest to a higher level of conservation, on the 
posttest an(3 retention test, is indspendent of treatments. 

H 7, The tran:;iirion frotn a higher level of conservation on 
the pretest to a lower level of cc n serve t icn, on tha 
posttest and retention tast, is independent of volume 
achipveir^at scores on t he posttest a nd retention test 
r esuect ival y. 

H 3, The trtinsition from a higher level of conservation on 
^he pietc^st to a lower level of conservation, on the 
posttest and retention t?st, is i n^lept^ndcnt of treatiDents. 

H 9. The volufne dCh ie voju^ nt scores, on the posttest and 
retention t^-st, are not related to iTLdt hematics achLeveiii-3nt 
^coL*;s. 
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HlO* T!ie initial l^vol of coiisc>rvat ion is indepeniuat of 
ma thG^tfit ics achieveiDent t^cores. 

H 1 1. The in it ia 1 level of coDser va tion is not related to 
se X. 

H12* The volume achievomeTit scores on the post test are not 
related to sex* 

Sta tistica 1 Anal ^ses 

In order to test hypotheses each dependeat variable 

po St test score and retention test score, was analyzed 
separately by using a 3 X 3 fully ::rossed two-way analysis of 
covariance* The analysis vas carried out using the computer 
program E^D?2V. In r,h^ cases where significant differences nere 
found across treataiGnts and conservation levels, SchefCe post 
hoc comparisons were luade to deterinine which groups differed 
sign if icant ly* 

Hypotheses 5 and 7 dealt with two variables, one of which 
involved a fo reed d ic ho tomy wh i le the othe r wa<; inaa sureJ on an 
interval scale* A biserial correlation coefficient as 
recomcv^nded by Glass and Stanley {1970, |i. 168) was used for 
testing these hy^jotheses* Hypoth<?Res 6 and 8 vece tested using 
f recjuo n ^y tablps and the chi S^^uare statistic. However, since 
the number of t i ti onal cd a laoii j the th zne con sgl vat ion 
le vels Vfis e xpf^cted to be omill it vas not afpropriate to use 
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the numht*L of iransitional casns betv^^eii Cdch pair of iovols, 
instead transitions were classified as ''change" vs "no change*' 
for each treatment in order to allow for Yates* correctiou for 
continuity to be applied (Glass and Stanley, 1970, p, 3i2), 
Hypothesis 11 dealt with a nominal variable and an ordinal 
variable. The Wilcox on two- sample test using tied scores as 
recommendGd by Karascuilo and McSveeny was used for testing of 
this hypothesis (1977, p, 267)* Hypothesis 9 dealt ,h tvD 
variables on interval scales and the recomniended analysis is 
the usage of Pearson 's pro duct- motnent correlation coefficient 
(Glass and Stan ley , 1970, pp, 1 09-1 13) , Hypothesis 10 iuclud<fc^d 
variables on ordinal and interval scales. This hypothesis vas 
tested using Kendall's Tau correlation coefficient (Glass and 
Stanley, 1970, pp, 176-178), Finally, hypothesis 12 involved a 
truly ciichotomous variable and a variable on an interval scale. 
It vas tes ted using a poi o t- bi s8ria 1 correlation coef f icient 
(Glass an(i Stanley, 1970, pp, 163-164), 
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CM A PTES IV 
HESULTS 

This chapter contains the results of the study* lacluded 
are sections on test analyses^ preliminary study, analysis of 
covaiiance^ correlation study^ tests for independence and post 
hoc qualitative analyses* The section of preliminary study 
Con ta ins two parts^ the variable covariates and the instructor 
effect* 

Test3,_Rel iabilities_attd ItGm Analysis 

Throe (iiff eirent tests were administered as pt^atests^ 
posttests and retention t^sts* The pretests consisted of the 
Voluflte Achievement Test^ the Volume Conservation Test aud the 
arithmetic computation section of the Stanford Achievement Test 
(SAT)* The p05ttests and the retention tests consisted of the 
Volume Achiuvement Test^ the Volume Conservation Test and the 
Multiplication Achiuvrment Test* The test reliabilities and a 
summary of item ^naly^^is will be reiiortnd for the Volume 
Acb ievo merit T(^st ^ the Volunie Conserva t ion Test aiid the 
multiplication achiovf>rrent te^t* A complete list of item 
£;tatistics c dn be f oand in Append ix B* 
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The Hoyt estimates of reliabilities (internal consistency) 
in the pretest, posttest and retention test were 0,9U, 0.95 and 
0, 9U respectively. The difficulty level, as defined by the 
percent of subjects responding correctly, ranged from 3,2 to 
80,7 in thp pretest, from 23,t* to 78,4 in the ^.osttest and from 
2',6 to 87,1 in the retention test. The item point-Di serial 
correla tioii coefficients raarjed from 0, 35 to 0, 7^* in the 
pretests, from 0,35 to 0*79 in the posttest and from 0,39 to 
0, 78 in the retention test. 

The Hoy t est ima te of rel iabi li t ies in the pre test, 
post test and re ten t ion test were 0,78, 0,85 aa d 0-82 
respectively. The difficulty level ranged from 35, 7S to 76*6% 
in the pretest, from 59, 65t to 96, OS in the posttest aad fron 
68, i** to 91,2?t in the retention test. The item poi nt-biser i al 
correla ti on coefficients ranged from 0,^*6 to 0*78 in the 
pretest, froai 0,^*6 to 0,75 in the posttest and from 0*33 to 
0*77 in the rbtontion test . 

IJyiii Eli^at ion _ Achiev^m 

The Hoyt estiTiate of reliabilities in the posttest and 
re ten t ion test were 0,06 and 0, 79 r o^sp^ct ive ly , The dif f ic ul ty 
level canned from to 85, a% in the posttest and from 7*6S 

to 93* CX in thtf ret f^nt ion t t'st. The item poi n t^b i ser ia 1 
Crti reld r ion Of-f f ic ie n ts ranged from 0, 3U to 0, 67 in the 
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I>osttest M\d from 0, 3^1 to 0,55 iri the letontion test^ 



Pr e li aii nary _ Anal ysis 



The Stanford Achiuvement Tast (SAT) and the Volume 
Ach ie vemeft t Pretest were consi doced as possible co va ria tes foe 
the four dependent variables. Volume Achievenient Posttest^ 
Volume Achievement Retention Test , Multiplication Achievement 
Post test and Multiplication Achievement Bet^ntion Test* To 
det ermine the covariates a sequence of multiple step-^f ise 
regression analysis was condacted using a 5% inclusion ^nd a 55t 
deletion levels. The analysis was carried out using the 
coiBputer nrDqrara 3MD02H which automa tically removes aay 
variable when its significance level becomes tec low* 

The results of the analysis revealed that only the Volume 
Achievement Pretest entered as a covariate for both the Volume 
Achievement Posttest (F=78* 63, df=1, 103) and the Volume 
Achievement Retention Test (F=58,39 , df =1, 103) • The 
flulti plication Post test, however, had two covariates, tae SAT 
(F=35, 31 , df =^ 1 , 10 3) and the Volume Achievement ? re test 
{F = 1 1, 3 3, df=2, 102} * Si mil a rl y, the Kult 1 pi icat i Dn Re tent ion 
rest had two covirxates the SAT {F=il3,35, d£=1,l03) aad the 
Volume Acliiovemf^nt Protest (F = 21, 01, df =2, 102) • Table 4*1 
GumEDdri Z€*s ths^e resul ts* 
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Tibia 4.1 

F Valti«>s foe Entocing of Covdriates 



Dependent 


Variable 


Covariate 


df 


F Value 


Vol Ach 


Post 


Vol Ach Pre 


1, 103 


78.63 


Hul Ach 


Post 


SAT 


1,103 


35.31 






Vol Ach Pee 


2, 102 


11.33 


Vol Ach 


het 


Vol Ach Pee 


1,103 


85. 39 


Hul Ach 


Ret 


SAT 


1, 103 


43.35 






vnl Ach Pre 


2, 102 


21.81 



Vol Ach Pre: Volume Achieveiaeat Pretest 

Vol Ach Post: Volume Achie vement Post test 

Vol Ach Ket: Volnae Achievement Retent ion test 

ttal Ach Post: n ultiplica tion Achievement Posttest 

rtul Ach Ret: rtultL plication Achie/ement Retention test 

SATi Stanford Achievement Test 



Analysis of covariance as recoiomended by Winei' (1971, 
pp. 75 2-75 3) was preferred to analysis of variance since 
t:locking w*^s foa sib 1g on conse r va t ion le ve 1 onl y vhi le past 
achievement in conputation and volun»e calculation we re relieved 
to be r^?latod to future volume achiovajinea t. In the analysis of 
CO variance aljustmont of dependent variables ti*c. , volume 
achievement and mu Iti pi Lea tion a chie vamoat) for the regression 
on covaridtes [i.c;-, i>AT and pretest volume achievemeut) was 
in tcnd{?d to reduce bias and increase t he accuracy jf the 
treatmont effect {Cochran, 1957, p. 262) . 

Further ja.^tifications for nsiny analysis of covariance 
are r plated to tbp fulfillmi^nt of certain a^sujaptions 
{Eldi;hoff, 1969, 305): 1- I^a ndomi za tiaii was fulfilloa ^ince 
Individ ua Is nitzi" nsui^iw^A r findom ly to 'jLOUps an.1 <j lou;)o were 
asii Lcjned l m n.loir.ly to ^^i t la n t 2. Co va ria tes, having been 
DKM surrd tit the bt-y innirig at t ho ox i>f?r i men t , wers irl^l^.^^JenJont 
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of tredt-i'.-.Tt^* 3* Covat iatCG are ne^sured accurately ujiny the 
s^^ anda r diTud SAT (K uder- Jticha rdson reliabi li ty coefficient ~ 
0* 90) an.i the Volane Acbievemeat Test (Hoy t estiaa te of 
reliability = 0*9^)* The reyression of the depenient 

variables On the covariates vis believed to be linear* in fact 
in the preliininary analysis, a linear regression model vds used 
to deter tniae the rela tionship bet ween dependent variables and 
covariates* The significant relationship found confirjed tbe 
assuoption of linearity* 5* Fulfillment of the assumption of 
homogeneity of co variance and no tr eat oeitt" slope interaction 
was done through com pa ring scatter plots of the dependent 
variables versus covariates for each treatment group l?lashoff, 
1969, p* 392)* Winer (1971) further claims that "there evidence 
to in dicate that the analysis of covariance is robust with 
re spec t to h OmogenGri ty ar>sumptions on *** regression 
coef f ic ients (p* 7 72) * '* 6* The a ssumption of normal distr ibution 
of dependent variables within each treatirent group at each 
coiK^ervd t ion level was not tested because of the small number 
of subjects in sjme cells* Elashoff (1969) explains toat the 
fulf illnif/nt of this assumption i*e*, normality is required for 
"statistical convenience** only (p* 396)* 

lDi?i? ii£t2E-^It§ct 

The proposed e xIjo ri Tit*n tal design in chapter 3 ^as 3X3 
[Troatment s X Conf;ervd tion Levels) * Howe ver , a beiiaviour 
(jroblom in a treatment groiip in one of the schools made 
iiocer>sary ttie inclusion of instru::tor s as a f actoc * The 
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exporin^^ntal tlcsijn Ncame 3X3X3 (Tr t n ts X c c nst: l' Vi ti on 
Lev(>ls X Ii^str uctors) - Ana 1 y sis of cova ridnce were conducted to 
de termine the effect of inst r uctOLS in bctb the Volume 
AchieveDent Posttest and the .Multiplication Achievement 
Posttest* Since the intent of the 3^vay analysis was to insure 
that any instructor effect vill be identified, the significance 
level for the rejection of the null hypothesis was set at 0.10* 
The nain effect of instructors and the 3-vay interactioos were 
found to be nonsign i f ican t (p < 0.10). The only 2- way 
interaction, found to be significant (p < 0.10) was Instructors 
t Treatments on the Multiplication Achievetoent Posttest. A 
suTQiDary of the analysis of co variance for the instructors 
effect is presented in Table 4.2. 

Since the laain effect of instructors vas not signaficant 
and just d 5;infjle 2- va y interaction involving instructors was 
significant, the effect of instructors was not thought to be 
stroi^g enough to noc*iSsita te restructuring the origl~hal 2^vdy 
design of tUv study. It was thtt^ofore possible to fool across 
instructors and teduce the design to 3X3 (Treatments X 
Co5iservation levels) as ^as su^ge^ted in chapter 3. 




Table 4,2 

Analysis of Covarianco - Instructors Effect 



Source of Variation df US f signiticaDce 



Vol Ach Post 
«ain Effect 



I nstr 


2 


39.5f» 


1.5U 


0.22 


Tr 


2 


517.02 


20. 15 


O.QO 


Cons 


2 


9 3. 2U 


3.63 


0.03 


Interactions 










Instr X Tr 


H 


12. 77 


0.50 


0.7U 


Instr X Cons 


H 


52. 10 


2.03 


0. 10 


Cons X Tr 


U 


25.58 


1.00 


0.U1 


Interactions 


8 


21.02 


0.82 


0. 59 


Error 


76 


25.65 







«ul Ach Post 
Kaili Effect 
Instr 
Tr 

Cons 

2- wdy Interactions 

Instr X Tr 
Instr X Cons 
Cons X Tr 

3- uay In te Tactions 

El ror 



2 
2 
2 

H 

n 
ll 

8 
76 



11. HO 
71. 80 
25. 10 

20.55 
f».58 
16.09 
13.00 
8. 86 



1.29 
8.10 
2.83 

2.32 

0. 52 
1.82 

1. t»7 



0.28 
0.01 
0.07 

O.o7* 
0.72 
0. 1U 
0. 18 



* p < 0.10 (Instructor effect only) 
Instr: Instructor; Tr; Treatment; Cons: 



Conservation Lev-il 



^{iSlX§i§_".l-.Covdriance 



The test of hypothesis (p. 5S) xevealed that a 

significant (p <■ 0.05) differonce was found in Volane 
Achiovei^nt Posttc^st scoras aEong coiiSfj i Vd tion yr^ups. The 
ASCOVA for the volume Achiev*„'tn*jnt Posttcst i:coccs can be found 
in Tdblc 4.1. ?c3.t hoc andlysis using Sheffe's motiicd of 
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mult i file corpd ri sons ohowei^ i .si j nif i can t (p < 0-05) 
sup^^riorit y of tho con servers yroup over tlie p:^r t ia con r vg r s 
group* No sigr*ificdnt cJifferenCG was found among any other 
conservation y roups at the 0.05 level* There was no significant 
(3i f fere nee f ou nd in Vol uaie Achie veme nt Re tc^n t ion Test scores 
among conservation groups at the 0.05 level* The ANCOVA for the 
Vo lume A^hie veinen t Bet en t ion Test scores can be found i u Tab le 
4. 4. 

The ineaDS, standard deviations and group sizes of 
treatments by conservation levels for the Volume Achitiveaent 
Pretest can be found in Table U*5* The unadjusted means, 
standard deviations and ^jroup sizes of treattaen ts by 
conscrva t ion le^vols for the Voluaa Achievement Post test and 
Volume Achiovement Retention Test can be found in Appendix D. 
The adjusted int^ans, standard 3^viations and group sizes of 
treatments by CDnservation levels for the ^olume Achievement 
Posttest and Volume Achiev^iGeut Retention Test can be found in 
Tables a* 6 and U.7 respectively* in all of these tables the 
laarqinal values for the iDaa ns and standard deviatijas are 
deteratined by calculaTiing the weighted average of the cell 
va lues* 

The tost of hypothesis 2 (p* 56) revealed t **at a 
significant tp ^ 0*001) differ ence was found in Volume 
/iChievoin^Uit Po.st tf*s t scores a ^eiou^ troa t men t groups (sae Table 
4*3)* Post hoc analysis ujing 3heffe<s i^ethod of -aaltifle 
cc lapa ri son s sh owed a siy ni Cica n t i;ui/^j rior i ty of vol u me 
trcatripnt ovi;l" multiplication trea^inr^nt (p < 0*01) dui over 
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control trMt:ii<-'nt (p < 0.01). Ho significant iliffert^n^e was 
found bet ween jiulti cation tr ea tmcnt a nd control t rea taent at 
the 0.C5 level. Similarly, a significant {p < 0.001) difference 
was fotinS in Volume Achievement Betention Test scores among 
treatment groups (see Table U. U) . Post hoc analysis using 
Shef f e's itiDthod of multiple comparisons showed a sigaif icant 
superiority of volume t rea t men t over mu It i plication trea tment 
(p < C.Ol) and over control treatment (p < 0.01)* 
significant 3if f er ence was found between multiplication 
treatir.ent and control treatment at the 0.05 level* 

The test of hypothesis 3 (p. 58) revealed that no 
significant interaction was found in Vclume Achievement 
Posttest scores between conservation levels and treatments at 
the C.C5 level. Similarly, no significant interaction was found 
in Volume Acliievoment Retention Test scores netween 
conservation levels and treatments at the 0.C5 level* 

The adjusted rae^ins on the Volume Achievement Posttest were 
13.06 (U9?i) for th ^ nanconserverj, 10.32 (U0%) for the partial 
coriservprs, 15.18 (58a) for the conservers, 17. U2 (65%) for the 
volurt: treatp^nt gronp, 12.30 (U6%) for the multiplication 
tredti3jnt group an] 9.67 (37S) for the contrcl group. Likewise 
the ddjusttid moins on the Volume Achierenent Retention Test 
were lc.52 {Sn%) t":>r the noncon.^ervors, 11.23 (U2%) toe the 
partial consr rvers, 1U.87 (55^.) for the con servers, 17. U 9 {t5%) 
for ti: o volume t roat cient group, 13.51 (50%) for the 
irulti f li tiori Ire^i* :nent group an^J 10. B9 inO%) Cor the control 
group. 
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Tablr- 


U.3 










Analysis oi 


Covariance of VoluniG 


Ach ie v:; 


^ ^ = = 


Posttest 


Scot as 


Source 




df 




HS 




P 


Conservation 


Level 


2 


88 


.88 


3 


720* 


Tr eatment 




2 


339 


.56 


12 




Con servatioQ 


Level X Tieatment 


a 


31 


. 50 


1 




Error 




95 


27 


. ?t» 







* p < 0.05 ** p < 0.001 



Table 4.4 

Analysis of Covariance of Volume Achievenient Betention Scores 















Source 




df 




MS 


F 


Con se rva ti On 


Level 


2 


7(f 


716 


2.6 7 


Treatment 




2 


217 


.01 


7.81* 


Conservation 


Lftvel X Treataient 


t» 


23 


.35 


0*3ti 


Error 




95 


27 


.79 





* p < 0.001 




Table tt.5 

neans. Standard Deviations, and Group sizes of 
Volure Achievement Pretest S-ores for Treatments by 



ConservatiDn Levels (Kaxinmn Score = 27) 




Con sc r vati on 




Treat TigQts 






Level 


Vd 1 1| [I! e 


ilult ipl icat ion 


Control 


Total 


Non-cDn servers 


(5. 23) 
19 


(4. 88) 
18 


i47ii5 
(3.98) 

20 


"6737" 
(14.68) 

57 


Partial-conse-rvors 


to. 17 

(3. 23) 

6 


8.67 
(7.71) 

6 


5.75 
((4.50) 
H 


50 

(7.10) 
16 


Consoi vers 


9. 18 
{6. 85) 
1 t 


10. 60 
(6. 17) 
15 


n.oo 

(8.85) 

6 


10. 75 
(6.91) 

32 


Total 


8.31 
(6. 23) 

36 


8.92 
(5.31) 

39 


6.53 
(b.02) 
30 


d. 03 
(5.73) 
lu5 



er|c 



S5 



72 



Table 1.6 



Adjjnted ?!cans, Stdrniard Deviations, and Group Size^ of 
Voluae Achiovement Posttt'St Scores for Treatments by 
Conservation Levels (Maximum score - 27) 

Constrvation Iieatments 

Level Voluoe H ul ti plica tion Control Tjtal 


NoD-conservers 


13. 33 


1 1. 60 


9.35 


13.06 




(5.63) 


(7.27) 


(6.87) 


(6. 58) 




19 


18 


20 


57 


Partia 1- con servers 


15. 49 


7.83 


8.29 


10. 82 




(7.41) 


(10.17) 


(7.05) 


(d. 36) 




6 


6 


4 


16 


Con servers 


16.91 


n.92 


12.65 


15. 18 




[H. 29) 


(7.54) 


(8.59) 


(6.62) 




11 


15 


6 


32 


Total 


17.42 


12.30 


9.87 


13.36 




'5.52) 


(7.82) 


£7.24) 


(6. 36) 




36 


39 


30 


105 




Adjusted aeans, standard Deviations, and Group Sizes of 
Volutne ^crhisvement Retention Test Scores for TEoatments by 
Conservd tion Levels (Waxiroum Score = 27} 

Conservatiori ttg^tnents 



L evel 


Vol I'lne 


« altiplici tion 


Control 


Total 


Noo-conse rvers 


19.00 


13. 91 


10.81 


14. 52 




(6.51) 


(6. 34) 


(6.90) 


(6. 59} 




19 


18 


20 


d7 


Pai t ia l-coiifSBrv.^rs 


14.04 


8.96 


10.41 


11.23 




{^.13) 


(10.00) 


(8.66) 


(6.96) 




6 


6 


4 


16 


Cons&rvc'?r3 


16.76 


14. 34 


11.43 


14. 87 




{5.08) 


(7.96) 


(9.05) 


(7.17) 




n 


15 


6 


32 


Total 


17. 49 


13. 51 


10.89 


14.12 




(6.34) 


(7.53) 


(7.56) 


(7. 13) 




36 


39 


JO 


105 
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Table 4.9 

A lysis oL Covdriance of .naltiplication Eetentioo 3c j res 
Source df «S F 



Conservation Level 2 4,62 0* 63 

Treatment 2 7* 81 1*15 

CoDservation Lovel X Treatment '1 3*42 0*51 

Error 94 6* 76 



Table 4*10 

Adjusted Mt^ans, Standdrd Deviations, and Group Sizes of 
Kulti plication Acaieveaient Post test and detention Test 
Scores for Treatments (rtaxiraura Score - 20) 

Treatments 



Test 


Voluroe 


Multiplication 


Ccntrol 


roral 


Posttest 


9.67 
(3.69) 

J6 


12. 59 
(3.01) 
39 


10.29 
(1.08) 

30 


10. 9 3 
(3.55) 
105 


Betontion Test 


10. 69 
(2. 99) 
36 


11. 31 
13.53) 
39 


10. 76 
(3.1.) 
30 


10. 95 
(3. 23) 
105 



Bi serial <::orrelation coefficrients were calculated for 
testing of hypothr*sos 5 and 7 (p, 59)* The test of hytotaesis 5 
L e vcalod th a t th e tr^ n s it i on f r ora a 1 o wer to a h igher 1 evel of 



7^ 



consr-rvation hetwo^n th*^ [>rote3t antl the pcsttest was founJ 
indfpendGii*: of. volume achiovsnent scores the 0*05 level. 
Si mi la rl y , the trans it ion from a low eu to a higher level of 
const-uvation bo ween the pretest and the retention test vas 
found indopen2Gnt of volume achievement scores at th^ 0,05 
level* T^ble ^* 1 1 shows the biserial correl^ition coefficients 
bet ween volmno achievojueat scores and transiticn to a higher or 
lower level of conservation at the posttest and the retention 
test levels. Table ^, 12 shows the cell sizes of conservation 
levels X treat mt^nts on the pretest, posttest and retention 
test* Tahle ^* 13 shows the number of. students whose 
conservation Itivels went up, down or reajaiiied the saae oetween 
the pretest and each of the posttest and the retention test* 

Likewise, the test of hypothesis 7 revealed that the 
transition from a higher to a lower level of conservation is 
found in'^epGn^lent of volupe achievement s'ccres between the 
pretest ^nd the posttest and betveen the pretest and the 
retention t^^'St at the 0*05 level {see Table i**11)* 

Iiven though the transition from one conservation level to 
another was intleijorjdoat of volume achievement scores thece was 
a yeneral in[>rov--?nont in the su b ject s* conservation lev^fls* In 
the j^ro tef^t t h'i re wore 57 none on ser ve rs , 16 parti a 1 coa server s 
and 32 c:on:;E?rvors wl^ile in the rptention test there ^^ere 36 
nonconr.PrvcTS, 13 t^ar^^ial cons'^rvers and 56 con se r vt^r s (see 
Table H.^2) , 
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T^blt; 4*11 

nijF-rial Cor r*^lation Copfficients Between Voluoi^ 
Ach i evt^mcn t Sco les on the Post test , fie ton t ion Test and 
Transition to a Hiyher or Loyer Level of ConseLvation 

Transition Hi<jher Transitiou Lower 



Posttest-pretest 0.13 (O.ld) » 0.C3 (0.79) 

Retention Test-Pretest 0,09 (0.34) 0,03 (0*77) 

* Nun'ber in ( ) indicates the significance level 



Table 12 



Cell Sizes of Conatjrifa t 


ion Levels X Treatatents on 


toe 


Pretest, 


Posttest and Retention 


Test 




Conservation 




Ti eat merits 






Level 


Volume 


flultiplicatioii 


Cor. trol 


Total 


Noa-conserv'TS 


19» 


18 


20 


57 




19 


10 


17 


46 




13 


11 


12 


36 


Partial-conr>trvor3 


6 


6 




16 




3 


3 


t) 


15 




6 


5 


2 


13 


Consul vors 


1 1 


15 


6 


32 




^^ 


21 


9 






17 


23 


16 


56 


Total 


36 


39 


30 


105 




36 


39 


30 


105 




36 


39 


30 


105 



* The first number refers to the pretest 
The second nun bee rof er^ to the posttest 
The third nuinbtic refers to the retention test 
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Table **-13 

Niiobcr of Subjects ^»'hose Conservation Levels Chan<jed/ 
Did Not Change Between the Pretest and 
each of the Post and Retention Test 

Level tJp Level Down Same Level Total 

Posttest 23 ll Tt T05~' 

Retention Test 32 8 65 105 



Hl£2il?§sf s_9_a nd_ 12 

Pearson 's pr odtict-jT»o merit correlation coefficient 
calculat*s(i for testing of hypDth<^sis 9 {p, 59). The test 
rovcaled tt*al the Volume Achievement Posttest scores were found 
to be significantly correlated {t: = 0,35, p < 0,001) to the 
prtitost oia the ma tics achievc^jent scores measured SAT. 
Similarly, Volume Achievetuent Retention Test scores were found 
to be significantly correlated (r = 0.37, p < 0.001) zo the 
pretest SAT scores. Table sunaiarizes the correlation 

coefficients ai(5 the significant levels between the volume 
achieverpcnt scares and the SAT scores. 

Point bi seria 1 corre la tioa coe f f ic ien tij were cal cu^ a ted 
for tt^stin^ of hypo thesis 12 {p* 60). The test revealed tha t 
the volam'.^ ?i ch ie v*>tDen t scones or* the posttost and the r^^tention 
test were not £ound to be correlated to sex. Table M 
suiumarizes t he poi n t- b i s<^r ia 1 :;orrel^ tion coefficients in 3 the 
si.^ni f i cant levels be tvf^en ti, vol a,^^ a chie venien t scores and 
se X, 
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Table 14 

Pearson's Product ?1oinent Correlation Coeff iclcMits 
and Significance Levels Between Volume Achievement Scores 
and SAT Scores on the Posttest and the detention lest 

SAT Significance 



Volume Achievement Posttest 0*35 0, COO 26 

Volume Achieve men t Retention Test 0*3? 0* 0001 1 



Table 4.15 

Point-Bi serial Correlation Coefficients and Significance 
Levels Between Volume Achievement Scores and Sex on the 
Posttest and the detention Test 









Sex 


Signif ica nee 


Volume 
Volume 


Achievement 
Ach i^5ve;uGnt 


Posttest 
Retention Test 


0* 14 
0. 12 


0* 1J 
0,23 




Hl£othesi3_20 



Kendall's Tau correlation coefficient vas calculated for 
testir.9 of hypothesis 10 (p. 60), The test showed that the 
initial level of const?r v /*t ion was found to be independent 
(Kendall's Tau = 0.09, p = 0-08) of mathematics achievejient 
scores measaiad by the coinputation section of SAT* The sample 
used for testing of this hypothesis consisted of all 1^*6 
subjects who took the Volume Conservation Pretest regardless of 
their participation in other parts of the experiment* Ali other 
hypotheses w(*re +ostod using the data of the 105 subjects who 
did not ni.ss any ^^ost or treatment clay. 
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Frequency tables vere made and Chi Square statistics were 
calculatpd for testing of hypotheses 6 and 8 {p. 59). The test 
of hypothesis 6 revealpd that the transition from a lower to a 
higher level of conservation between the pretest aud the 
posttest was foun'l inciependent of treatments at the 0^05 level; 
the Chi Sqm .e for transition up or no transition up versus 
treatEnents was 0.93 vitb df = 2. Similarly, the transition from 
a lover to a higher level of conservation between the pretest 
and the retention test was found independent of treatta^nts at 
the O.OS level with Chi sgoare of 0.97 and df - 2* Ths 
froqueiicies of transition up versus treatments between the 
pretpst and eacb of the posttest and the retention teJt are 
rcp^Fsentel in Table ^.16. The f requ oncies cf transit! oa up or 
no transition up versus treatsiCints between he pretest and aach 
of the posttest and thp retention test are represented in Table 
17. 

Likewise, the test of hypothesis 8 re vealed that the 
transition from a higher to a lover level of conservation 
bet w een the protest and oos tte st va s found i nde penden t of 
trfiat?^;* :its at the 0.05 level; ^he Chi square for transition 
down or no tran^^itioL Town vorsus tre^tmonts vas 0.91 with df = 
2- l,iKcvi:iO, the trinsitit>n fron* a hi^'her to a lower lu/el of 
con sr L vd ti on be t wuen the j>rL t es t and the r c te nt i on t'j st wa s 
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foanti in ^t^^r t*n<lont of t rtji tir.en ts at the 0,05 level wmh Chi 
squdre of 3,U6 and flf ~ 2, The frequencies cf transition dovn 
or no t ra nsi t i on down Vfir sus trea tmen ts be t ween the pretest and 
each of the posttest and the retention test are represeriLed in 
Table 18, 



Ta n le , 1 6 

Contingency Table: Tranoition Up, Down, cr Staying tae 
Sa me Versus Tre3 tioen ts Bat ween Pre test- Post test aad 
Pretest-Ret ention Test 



Ti oa tment 


Transition 


Transition 


No 






Up 


Down 


TransiLioQ 




'?DSt 


6 


5 


2^ 




Retention 


n 


tt 


21 


Mu Itipl icdtion 


Post 


10 


tt 


25 




Retention 


10 




25 


Control 


Post 


7 


2 


21 




Petention 


n 


0 


19 



Table 17 

Cont i ngency Tab It: Transition Dp Versus Treat id eats 
on the ?o;;ttest and the Ret ent ion Test 



TreatiDent Transition tJp No Transition Up 



Volume Post 


6 




30 


E ot ont ion 


1 1 




25 


Multiplication Post 


10 




29 


St.^teiitioQ 


10 




29 


Control ?o^t 


7 




23 


Retention 


1 1 




19 


Poi^ttest: Chi s(jiMCe = 0.93, 


df = 2, p 


= 0.63 




Peteiition test: Chi square = 


0.97, df - 


2, p - 


0.61 
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Contincjohcy Trible: Trant;ition Down Ver;;us Troationts 
on tho Posttest and the Retention Test 

Treatment Transition Down No Transition 

Volume Post 5 31 

Retention ^ 32 

ffulti plication Post 35 

PetentioD « 35 

Control Post 2 28 

Retention 0 30 

Posttest~ChI"s3uare"="or9 l7"a^^ 

Retention test: Chi square = 3*48, df = 2, p = 0*18 

The results re;>Drted in this section are related directly 

to the hypotheses of the study* Hovever, additional fiudings 

about ""he transition between conservation love Is a re included 
in the section of Post iioc Qialitative Analyses* 



HyEO^hosis^l 1 

The irfi 1 cox on two- sample test usi ng tied scores was applied 
for tGGtitig of hyfiothesis 11 (p* 60)* The test revealea that 
the initial lev^l of conservation of the a;ales was foun-^ 
significantly (n < 0*05) better than that of the fen;ales* The 
frequencies of the r^retost conservation lovels versus sex is 
re presented in Table 4*19* Thf> ^uiile u;-c;d for testi ng of this 
hypothesis corisisted of tlie *S0 subjects tc vhoio the ^^ra test 
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Coht in^jeficy Table: tost C onse rva tion Level Vor^-ius Jet 



Con set vdtion Luvol 



Ka les 



Fomales 



Total 



Nonconr.ervers 
Partial Conservers 
Conservcrs 
Total 



33 
13 
30 
76 



45 
9 
20 
74 



78 
22 
50 
150 



was adnliniste^^^d* There were 76 males and 74 feinal^^s* The 

no neon servers were 33 tna les and 45 females, tho partial 

conserv*^rs were 13 males and 9 females and the conservers we re 
3C pales and 20 females* 



The results reported in tha previous sections o£ this 
chapter relate r3irectly to the hypotheses of this study* 
However, zom^ additional findings vhich seem to ue of 
significance are rt^ported in this sect i on* 

The tests of hy pot hoses 6 and 8 re vea led tha t tha 
t r ansi t ion be t vee n c onse r va tion le ve 1 s f r om preterit to 
posttest, pr3t(^st to re tent ion test and post test to iTe tanti on 
test was i ndopciicJen t of trca tmen ts at the 0*05 level* The 
following, however, ^re ob:^*^iVrftions bailed on the ^lotailed 
conti Tijency td bles of tr ansi t ion a'non g const-r va t i on ie vo Is* 
Tht^se *^abl^>s die, incUded a-i ra:>les 4*20, 4*21 iiid 4*22* 



gQgt_. jjoc Qualitative Analyses 



Hi 
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t , TS*> re jT'.-i. si jn of cousri" vors to n once use rvf* rs red 
very rarf*ly. Only tvo of 32 (6.255) conservers regreiioed to 
nonconservc-rs botveen the prote:;t and the po?5ttcst. None jf the 
32 conservers reyr*?sse<i to n >nconservGrs L^>tveen the pretest 
dD<iEPt€;ntion tei^t. Siniilarly, none of the 4ii con St^r vers 
rt*g r tossed to non con yer ver s bet v Gen the post test aad the 
retent ion t^^st. 

2m Taere ioi^i^ not sGem to he any ob:;ervabl€ difference in 
the pro^LGSy of nonconservers and partial conservers to higher 
le vel s of consc" vat ion. For example between the p re test a nd the 
postteyt 19 of 57 (33^) nonconsprvL^rs and U of ^U (29%) partial 
consorv* L3 uroj rested to a hiyhpr level of conservation. 

3, r;ven though there vas a general isiprovenaut of 
consor Vti tion lev Is am org all t re at© en t groups, the control 
group t^f-eTPd to hrive jn dorgon e a steady progress with re spec t 
to con.^ervfiticn levels. That is, subjects in all groups 
progEc?;i^(>Ji dud r(;;jr^niicd but thoy^^ in the control group did not 
seeoi to lo^Lo^:s is Tiuch as the sabjocts ih the oth*ir two 
troatn:6>nt groups. The two of 33 subjects (6,66X) in the contLol 
yr ojp who rot;rosGod bpt veen the protest and p hottest , 
progL*-^G;ied ImicI^ to thoir original lev^l in the retoiitioD lest. 

^o othf-r r>ubjocts in th'=i control group regressed between the 
(josttest and the retention tci^>t. In t he voliiine and 
iDul tipl ic 1 1 i on trf'ii tr-ir-n t.s t ho re j^l e four in tach who re jr'>^sfid 
f r oa p r^t'^-^ t to re t cm* t ion r;t, 

7ho iiiyh lity of conuc l Vii * ion le7f?l of conservers 

t hr jutjlioat M.e ex iit- r ii^eiit is rot pi i sing- Some l ^ocarch 
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roportGil in chapter 2 indicated that natural conservers showed 
stability of their conserve tioo level and even resisted 
ttisloading cuss* However^ it was curious to note thdt the 
conservation level of subjects in the coQtrol group did not 
seem to regress as much as the level of subjects in the other 
treatment groups* The instability of the other two groups coald 
be explained by the influence of experience in volume 
activiti*,^s on the partial conservers* Tables ^1*20^ ^1*21^ and 
4« 22 show that most of those irho repressed irere partial 
con servers in the voluoie aod multiplicati on groups* The 
experience in voluoie activities coul^ have disturbed the 
partial conservers so that they incorrectly applied kaowledge 
acquired in the treatments to volume conservation tasks. Those 
who ¥ere in the control group could have used their intuitive 
under stani ing of vol u»e con servat ion* 
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Table 20 

Contingency Table: Pretest-Posttest Trar*sition 
Among Conservation Levels by Treatments 

Post Test 



Pretest Nonconservers Partial Conservers Consetvers 



Volupe Treatment 

Nonconservers 15 1 3 

Partial conservers 3 1 2 

Conservers 11 9 

Hultiplication Treatment 

Nonconservers 8 2 6 

Partial conservers 2 4 0 

Conservers 0 2 13 

Control Treatment 

Nonconservers 15 3 2 

Partial conservers 11 2 

Conservers 10 5 



Table U»21 

Contingency Table: Pretest-fietention Test Transitiou 
Among Conservation Levels by Treataieats 

Retention Test 



Pretest nonconservers Part ial Conservers Conservers 



Voluae TrRatmeat 

Nonconservers 11 3 5 

Partial conservers 2 1 3 

Conservers 0 2 9 



Uultiplica tion Treatc^nt 

Nonconservers 3 1 9 

Partial conservers 3 3 0 

Conservers 0 1 1** 



Control Treatment 

Nonconservers 12 1 7 

Partial conservers 01 3 

Conservers 0 0 6 
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Table a,22 

Continqt-ncy Table: Posttesc-Retent ion Test Transition 
Among Conservation Levels by Treatments 

fieton tion Test 

Posttest Koncon servers Part ial Conservets Ccn servers 

Vo 1 Qtae Tre a tme n t 

Ncn-c on servers 12 » 3 

Part ial- con servers 0 2 1 

Conser vers 0 1 13 



Nul ti pi ica ti on Tre a tmen t 

8 on-con servers 8 1 1 

Partial-conservers 2 » 2 

Conservers 0 1 20 

Control Treatment'^ ^ ^ 

Bcn-conservers 10 2 5 

Partial-conservers 2 0 2 

Conservers 0 0 9 
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students* Reasons for their l ^ esponses cfl Q uestio p 11 

Question 11 of the Volaae Conservation Test vas a part of 
the conservation classification scheme* In this question the 
students vere asked to give reasons for their responses- The 
reasons vere intended to proviie vali3ity information for the 
classification scheme* The reason yivsn by each student for the 
response on question 11 vas first classified as consistent, 
inconsistent, or unclassif ia^>le, A reason was classified as 
consistent if it did not contradict the response* A reason vas 
coded as unclassif iable i€ it vas not possible to understand 
the reason given by the student* 

The consistent and inconsistent responses were further 
classified accrording to the following nine attributes: 
U Same: general ase of the term "samG" with teference to the 
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two balls without specifying the attribute. Erampl^: "Tbe 

two balls are still the sante,'* ^ 
2. Size: general use of the term "size", 
3- Volume: specific use of the term "vol ume*'. 

Amount: specific use of the term "amount*** 
5* Foom: specific use of the tern "room", 
6« ftass! speci fic use of the term "mass'** 

7. height: specific use of the term "weight**. Example; "It 

would be the same because it*s got the same weight.'* 

8. Shape! specific use of the term '*shape**. 

9. Other; reference to a reason other than the above* 

Exampl es: ** Because they look the sa me length **# "Because 
the ball was heated." 

There was only one unclassif iable response in the pretest, 
none in the posttest and none in the retention test* This 
unclassifiable response was eliminated frca the data of 
pretest, observations based on Tables U.23, U. 24 and U. 25 can 
be Bade cibout 1C4 classifiable responses in tbe pretest, 10S in 
the posttest and 10S in the retention test. There were ten 
inconsistent responses in the pre test, ten in the posttest and 
two in the retention test. All of these responses except two 
consisted of an incorrect response and a reason which night 
support the correct response of "equ iva lence'* or " sa ate wa te r 
level,** 

1. In the pretest, posttest and retention test the most 
freyuent reason given for a correct response was related to 
size. The second and third most frequent reasons given for a 
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correct r'^tjponso wrre veight arid aiuoun t respectively. The 
reasons for a correct response did not seem to be affected by 
the conservation level of students. 

2. The reasons given by conservers for their correct 
responses seem to be Enore evealy distributed amoag the various 
attributes than the reasons given by nonconservers and partial 
conservers. 

3* The reasDa given tnost frequent ly for incorrect 
responses in the pretest, post test and retention test related 
to shape, room and weight. 



Table t^*23 

Number of 3tud:ints with Eespect to their Reason for their 
Besponss on Question 11 of tbe Voluoe Conservation Pretest 

Seasons 

Response 1 2"3"*^^5 6 7 8*9 



Question 1 1 Correct 

Nonconservers 2 10 0700710 

Partial conservers 1 2 0 1 0 0 2 0 0 

Conservers 0 12 5 0 1 9 0 1 



Question 1 1 Incorrect 

Nonconservers 0 t^zO 1**^ 0 5i8»7« 

Partial conservers 2^ It 2 0 0 0 1 0 

Conservers OOOOOOOOO 



Code for tables U.21, t^.22, t^.23: 1. Same 2. Size 3. Valuae 

AiEOunt 5. Pooaj 6. Hass 7* Weight 8. Shape 9. Otner 
t means 1 inconsistent response included. 
2 means 2 inconsistent responses i n eluded* 
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Table '(,2a 

Number of Students with Respect to their Reason for their 
Response on Question 11 of the Volume Conservation Poittest 



======================= 


==== 


= = = = 


= = = 


== = 






== = = 


= = == 


====== 


Response 


l"" 


~2~~ 


"3" 




B^agans 

5 6 




"8 


~9 


Question 11 Correct 















— 


_ ^ 




N onconservers 


2 


15 


1 


1 


0 


0 


5 


1 


2» 


Partial con servers 


1 


2 


0 


0 


0 


0 


3 


21 


\> 


Conservers 


It 


17 


It 


10 


2 


0 


5 


0 


2 


Question 11 locorcect 




















NoDconsecvers 


0 


1 1 


11 


0 


1 


0 


7* 


3 


t> 


Partial cooservers 


11 


11 


0 


0 


1 


0 


1 


1 


2 


Consei Vers 


0 


0 


0 


0 


0 


0 


0 


0 


0 























means 1 inconsistent response included* 
means 4 inconsistent responses included* 



Table *t-25 

number of Students with Respect to their Reason for tbeir 
Response oq Question 11 of the Volume Conservation 

Retention Test 

RaagoRS 

Response "l"2^"3"4 5 6 7 8 9 
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Question 1 1 Correct 

Nonconservers 180100601 

Partial conservers 0 10 0 0 0 3 0 1 

Conservers 5 24 58 12902 

Question Tl Incorrect 

Uonconservers 000040 5* 6 «i 

Part ial conservers 0 10000034 

Conservers 000000000 

* means 1 inconsistent response included* 

Host of those who answered question 11 correctly ^ave a 
reason related to size* However, a considerable number of 
subjects. Including nine conservers in each of the pretest aad 
retention test^ who answered question 11 correctly gave a 
reason related to weiyht* If those nine classified as 
con servers are only veight conservers and not volume conservers 
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there is doubt about tho validity of the cons€*rvation test used 
in this study. However^ an earlier part cf the conservation 
test (items 4, 5 and 6) was designed to detect those vho vere 
only weight conservers. These weight conservers were classified 
as none on servers of vol ume. Language factors c ould ha ve 
prevented seme of those sub jec ts froc expressing their reason 
wore appropriately. The reasons given by students for theii: 
responses to question 11 do not seen to provide sufficient 
information for conclusive evidence about the validity of the 
classification scheme used in ths Voluce Conservation Pest* 

Consistency between Lev els of Qonservation and Responses to 
Question 12 of th e Volume Conservation Test 

Question 12 of the Volume Conservation Test concerning the 
two marble boxQS was not a part of the conservation 
classification scheme. This question in vol ved two unequal 
quantities and was not, therefore, typical of the usual 
Piagetian questioning protocol. It was included because it was 
believed that students micjht be able to give reasons for 
inequai ity more easily than for eq^iality. The following 
paragraph reports observations about the ccnsistency found 
be twee n responses to gu est ion 12 and the le^rels of 
conservation. The reasons given by the students for their 
responses are reported in the following section of this 
chapter* 

The nunbers of students who answered q»iestion 12 correctly 
or inc orrec tly a re rep re sen tod in Table ^*.2b for all ^^tudents 
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who took that particular te^t. On the pretest and i^osttest 
there was a posili ve rela ti onsh ip between the lev*il of 
conservation of subjects and their responses on question 12, 
For the pretest chi Square was 7,82 (p < 0,05) and fjr the 
posttost Chi Sguace was 15.59 (p < 0.001), It was surprising 
that there was not a significantly positive relationship 
between the level of conservation of subjects and tKeir 
responses on question 12 in the retention test at the 0.05 
level* 

There w^is a general i mproveiuen t of coicrec t answers on 
question 12 among all conservation groups between the jjretest 
and the posttest. In the pretest 29 of 78 (37%) noncoaservers ^ 
1** of 22 partial conservers and 29 of 50 (58!*) conservers 

answered question 12 correctly. In the post test 32 of 77 (42 Jl) 
nonconscrvers, 16 of 21 (76%) partial conservers and 35 of 
(7 3%) conservers answered it correctly. In the retention test, 
27 of 53 (51%) noncon servers, 14 of 24 (58%) partial conservers 
and 60 of 93 {65%) conservers answered it correctly. 

1 1 a ppears that between the pretest a nd post test there was 
a gen era 1 i tn prove me n t a mong a 11 con se r va ti on g roups in 
an sweri n g ques ti on 12< The conservers seem to ha ve i id proved the 
most (15% iioproven^<!nt) followed by partial conservers (12%) 
followed by the nonconservers (5S) . On the other hand the 
nurober of none on servers who answered guest ioc 12 correctly 
seems to have increased steadily in the pretest, posttest and 
re ten ti on test. The per cen ts of conservers and ^a rtial 
conservers who answered it correctly seem to have increased in 
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the post test and then *lect eased in the tetention te^t. The 
increased percents of correct responses of these tvo groups 
folloved by decreased percents could possibly be attributed to 
the tendency of regressi on tovard the mean ijx successive 
observations. 



Table 4,26 

Contingency Table; Correct or Incorrect Response 
on Item 12 of the Volume Conservation Pretest, 
Posttest and Retention Test Versus Conservation Levels 


Test Correc t 




Incorrect 


Pretest 

Nonconservers 29 
Partial conserve ts 14 
Conservers 29 




49 
8 
21 


Posttest 

Nonconservers 32 
Partial conservers 16 
Conservers 35 




45 
5 
13 


Retention Test 
Noncons&rvers 27 
Partial conse rvers 14 
Conservers 60 




26 
10 
33 


pretest: N = 150, Chi square = 7,82, 


df 


= 2, p = 0,0201 



Posttest; N = 146, Chi srjuare - 15,59, df = 2, p = 0,0004 
Betention test: N = 170, Chi sjuare = 2*59, df = 2, p = 0, 2735 



St u^ents^ Beasons _f Qr_ their Res tjgnses_on_Qu€St 

All the reasons given by the students for their judgeaent 
on question 12 vere fir3t classified as consistent, 
inconsistent, uiiclassi fiabln, or no response* There were very 
few cases of no response* There vere none in the pretest, one 
in the posttest and one in the retention test* There vere only 
tvo unclassif iable re sponses in the pre test , none in the 
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postti^st and ^hreo in the rotLntioii tost. The lUta of Tables 
4.27, 4.28 and 4.29 sunimariie all reasons yiven by stuients 
excluding the no resi>onse a n3 uiic la ssi f ia ble cases. Tables 
4.27, 4.28 and 4.29 contain 103 classifiable responses of the 
prct<*st, 104 rosponstrs of the posttest and 101 responses of the 
re ten t ion t est . 

The consistent and inconsistent reasons were classified 
accordi ng to the following ten attributes; 

1 . Weight : specific use of the tern "weight", lixa mple: 
"B^scaase it is the saiae weight." 

2. Amount: specific use of the term "amount". 

3. Si ze : specific use of the term "size". 

4. Boon:: specific use of the term *'room". 

5. Shape: specific use of the term "shape". 

6. Space: specific use of the term "space". 

?• Same: general reference to the term **same" without 
specifying any othtr attribute. 

8. Closed container: referencs to the fact that vhen the box 
is closed water will not ^ in it. Example: "It will be 
1 ower because it has a 1 id a nd wa ter won • t go in *" 

9. Open container: reference to t: fact that the water went 
in one of the boxes because it was open, 

10. Air inside: reference to the fact chat the closed bDX keeps 

tho air inside It. 
0, Other: reference to a reason other than the above. 

Examples: "Because it is big ye r". "Because more pressure 
will be on the water than the open box." 
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There were four i nconsi ten t resi>on5€*,s in the i>cotost, 
five in the posttest and six in the retention test* All of 
these responses except two consisted of an incorrect response 
and ^ reason which might support the correct resporse of 
inequality or different vater levels* 

K In the pretest, posttest and retention test most of 
those who answered correctly gave a reason related to tae facts 
that vater can not go into the closed box, that the vater vent 
in the open box, or that there is air inside the closed box* 
The iDost freguently giveD reason was that water can Dot go into 
the cl osed box* 

2, In the pretest, posttest and retention test dost of 
those vho gave an incorrect response gave a reason related to 
weight, aisoutit or size* The reason related to weight was the 
Host freguently given* 

3, There does not seem to be any observable difference in 
the freguency of reasons given by the three conservation jioups 
for their correct or incorrect responses* 
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Tabls a, 27 

Number ot Students with Kcspect to their Season for tneir 
Besponse on Question 12 of the Voluoe Conservation Protost 















Bga SQns 












Response 


1 


2 


3 


a 


5 


6 


7 


e 


9 


10 




Question 12 Correct 
























Honcon servers 


5 


0 


0 


0 


C 


1 


0 


11 


1 


3 


1 


Partial conservers 


1 


0 


0 


0 


0 


0 


0 


6 


3 


1 


0 


Conservers 


1 


0 


0 


1 


0 


1 


0 


9 


3 


3 


1 


Question l2 Incorrect 
























V onconservers 


ia2 


0 


2 


1 


0 


0 


a 


9> 


1 


0 


2 


Parti a 1 conservers 


1 


0 


1 


0 


0 


0 


1 


2 


1 


0 


0 


Conservers 


7 


0 


2 


0 


0 


0 


0 


2> 


0 


1 


0 



code for tables 4.24, 4.25, 4.26: 1. tfeight 2. Amount 3. Size 
4« Boon 5* Shape 6. Space 7. Saoe 6. Mater does n.>t go in, box 
closed, etc. 9. Kater vent in, box open, etc. 10. Air inside 
0* Other 

* means 1 inconsistent response included. 
^ means 2 inconsistent responses included. 



Table 4.26 

Nuniber of Students vith Bespect to their Season for their 
Besponse on Que*;tion 12 of the Volume Conservation P^sttest 















Re a son s 










Response 


1 


2 






5 


6 


7 


e 


9 


10 


0 


Question 12 Correct 
























Nonconsf*rvers 


0 


0 


0 


0 


0 


0 


0 


17 


5 


2 


2 


Part ia 1 conservers 


1 


0 


0 


0 


0 


1 


0 


5 


1 


1 


0 


Conservers 


1 


0 


0 


5 


0 


3 


0 


12 


4 


3 


0 


Question 12 Incorrect 
























Nonconservers 




1 


2 


0 


0 


0 


2 


1 


2> 


0 


5> 


Partia 1 conssrvors 


2 


0 


2 


0 


0 


C 


1 


1> 


0 


0 


0 


Conservers 


1 


2 


6 


0 


1 


0 


2 


2 


0 


0 


2 



























^ means 2 inconsistent responses incl uded. 
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Table 4.29 

Uumher of Stutjents with Respect to their Season for taeir 
Besijonse on Question 12 of th3 Volume Conservation BetL^ation 

Test 



B^^ions 

Response 1 2 3 4 5 6 7 8 9^ 10^ 



Question 12 Correct 

Nonconservers 2 0 0 0 0 1 0 7 6 20 

Partial conservers 00000 1 05021 

Conservers 0 0 0 1 0 2 0 10 10* 4 6* 



Question 12 Incorrect 

NoncoDservers 701000 1* 5= 102 

Partial coiiservers 000010 10002 

Conservers 3 3 5 0 1 1 5^ 1 0 1 0 



* means 1 inconsistent response included. 
^ mea ns 2 i neon sis te nt responses incl uded* 



Host students who responded correctly tc guestion 12 could 
give an explicit reason which was related to the fact that oae 
of the containers was open (closed) and water would (would not) 
go inside it. In the pretest 40 of 52 (77%) subjects who 
answered correctly gave reason 8, 9 or 10; in the posttest 50 
of 63 (79"^^) subjects who answered correctly gave reason ft, 9 or 
10; in the retention test U& of 66 (77S) subjects who aasvered 
correctly gave rpason 8, 9 or 10. On the other hand, it was 
previously noted that taost of those who responded correctly to 
question 11 gave an imprecise reason that was related to size. 
It appears that it was easier for st'ide nts who responded 
correctly to give more explicit reasons about inequality of 
volumes in cjuestiDn 12 than about equality in cjuestion 11. 
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CHAPTER V 



SUflflARY, COKCLUSIOSS AND RECOMH EN OA TIOKS 



This Chapter contains a brief review of the pcobleo, the 
findings and the con elusions, limitations of the study, 
ioplica tions for educa tional practice, and reco3imendatiODS for 
future research* 



The purpose of this study is to deterpjioe the relationship 
between the level of conserva tion of volume and the degree to 
vhicti sixth grade students learn the vcluroe algoritaa of a 
cuboid "V = L X W X H"* The problem is a consequence of an 
apparent discrepancy betveen the present school programs and 
the Cognitive theory of Piaget concerning the time to introduce 
the volume algoritha of a cuboid* 

Two widely used textbook series in British Colanibia 
introduce the algorithin "V = L x W x H" in grade 5 (age TO) 
(OilleV et al*, 197^* and Eicholz et al., 197ii) * Another Series 
introduces the algorithm formally in grade i» (age 9) (Elliot et 
al*, 197ii) and uses it informally in jrade 3 (age 8)* 

rtost pro Done r*ty of Piaget 's theory would disagree with 
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such early intt"o<l»Jction of the algorithm and claim that mo^t 
children do not (l3velop the necessary (Cognitive abilities for 
learning it before grade 6 (age 11). Piaget (1960) himself, for 
example, holds that "it is not until stage IV (fornal 
operational) that children «nd3rstand hov they can arrive at aa 
area or volume simply by multiplying boundary edges** (p. 408)* 

Piaget {I960) considars the concept of conservatioa to be 
necessary for any meaningful computation in both area and 
vol ume: 

... Childrea attain a certain kind of coaservation of area 
[and vol ume based on the primitive ccncepti on of a rea 
{and volume) as that vhich is bounded by liaes {or faces). 
That anderstanding comes long before the ability to 
calculate areas and volumes by mathematical 
multiplication, involving relations betveen units of 
different povers ... (Piaget, 1960, p. 355) 

On the other hand, many educators believe that "acquisition of 

formal scientific reasoning may be far more dependent on 

specific instructional experiences and far less depen^lenc on 

general maturation than hypothesized by Inbelder and Piaget 

(1960)" (Siegler and Atlas, 1976, p. 368). Graves (19 72, p* 

223), for example, considered education and experience to be 

necessary for volume con3er vat i on. Lovell (1S71, p, 179) vent 

further to suggest that even seven ani eiyht year olds (^rade 2 

and 3) can learn hov to use the alyorithm "V = L x W x H" in 

order to calculate the volame. 

Ther c seo ms to t e a d i rspa ncy be tvcen the present school 

programs and the theory of Piajtj*^. Some of the present programs 

introduce the vrjluaie algorithm of a cuboid as early as grade 3. 

This position seems to be bcickod by soine educators who claim 
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that scientific reasoning is more (lepuntU^nt on train lag and 
instruction than maturation. ?iayet and his Fi^oponents seem to 
ar que t hat conse rva tioo of vo lume is a prere^uisi te for any 
meaningful calculation of vDlutne. However# one oujht Qot 
necessarily to delay the introduction of the volume aljorithn 
"V = L X V X H" until all students conserve volume. Studies 
have indicated that the majority of adults do not conserve 
volume (ElJc ind# 1962; Towler and Whea tie y# 197 1 ; Graves* 1972) . 
In such a predicaoiQnt there seems to be a n€ed for res^a rcfa i q 
order to justify our present s::hool curriculum or suggest its 
modif ica ti on. This need has been ackoov ledged by such ed uca tors 
as DeVault who advocates that "it seems reasonable to 
assert that the studies most likely to produce useful results 
for curriculum worfc would be experimental studies (DeVaalt^ 
1966, p. 639) 



ZLn dings _a n d _ £ onclusions 

The aims of this study which were stated in Chapter 1 will 
be restated in this section. Also a summary cf the findings 
related to each of the aims will be reported. 

Ai m_l. To det er mi ne the v ar i ou s degrees to which 
con servers, pa rtial conservers, and n on con servers of volume 
learn the volume algorithm of a cuboid "V L x W x H". 

Eialtaas- The r<=sults of the [josttost showed a significant 
(p < 0.05) superiority of the conservers group over the t^artial 



Er|c 112 



100 



consetvers yrojp in the Vol ume Achieveasent Postte^t. No 
significant difference was foand between any other conservation 
groups at the C.05 level. There was no significant difterence 
found in Vol u toe Ach ievemen t Hot en t ion Test sCo re s be twees 
conservation groups at the 0*05 level* 

Ai m 2. To determine the dejree of effectiveness for each 
of the tifo teaching methods on learning the voluoe aljorithi 
for a cuboid. 

Fi ndinqs. The results shoi^ed a significant superiority of 
volume t rea t men t group over multipli cation t rea tment group (p < 
0»01) and over control treatment group (p < 0.01) on the Volume 
Achievement Post test. No significant difference was found 
between tnu It ipl ica tion trea tment group and con t rol tr eatnten t 
group at th^ 0.05 level. Similarly, the results of the 
ret en t ion test shoved a significant supe riori t y of vol ume 
treatment group over multiplication treatment group tp < 0*01) 
and over control treatment group (p < 0.01); no significant 
di f fere nee w as foun d between idi) Iti plica tion treat men t gr^up and 
Control treatment group at the 0.05 level. 

hi^^^' determine ths effect of learning the volume 

algori t h m of a cu boi d on the transition from one vol ume 
conse r va tion level to another. 

Findings. The tr:insition from a lower to a higher lavel of 
Conservation between the pretest and the postest was found to 
be independ(**nt of volume achievement scores at the 0.05 level* 
Similarly, the transition from a lower to a higher level of 
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con^erva^ian between the j>cott?5t anJ the letention test va^ 
f ou nd to be i nOle pouden t of v olutne a ch ie vumen t scores at the 
0*05 Isvel* Likewise^ the t r ansi t i on f r om a h ighe rto a lower 
level of conservation was found to be indupenden t of v ol ume 
achievemen t scores between the p ret est and the post test and 
between the pretest and the retention test at th2 0*05 level* 

Even tliDugh the transition from one conservation level to 
an othe r was found to be independent of vclume achie vement 
scores the re was a genera 1 i mp rove men t in the 5;ud ject s • 
conservation levels* 

To determine the relationship between seac aad the 
le vels of conser vat ion of voliima * 

£i.S.iL[li§* The Volume Conservation Pretest revealed that 
the in it ia 1 level of c onserva tion of to ales was f ou nd to be 
significantly {p < 0*01} better than that of the females^ Out 
of a total 150 studeTits, 76 were males and 7U were females* The 
noncon server 3 were 33 males ?ind ^5 females, the partial 
conservers were 13 males and 9 females !ina the conservers were 
30 irales and 20 females* 

A:i^_5* To determine the relationship between sex aad the 
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degrees; ui' ied rning the volDiue algorithm for a cuboid* 

Ei.EllLD.a§* 'The Voluroe Achievement Posttest scores w^ce not 
found to be significantly (p < 0*05) correlated to sex* 
Si m ila r ly , the Volume Achievame n t Re tent ion Test scor es were 
not found sign i f i car< tl y correlated vith s:ex at the 0*05 level* 

To vietermine the rpla tion ship between mathematics 
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achievement and the levels of -onservation of volume* 

Pindinas* The initial level of conservation was found to 
be independent of the matheroatics achievement scores of the 
pretest as measured by the compu ta tion sec tion of SAT- 

Aim_7. To determine the relationship between mathematics 
achievement and the degree of learning the vclume algorithm for 
a cuboid* 

Findings* The Volume Achievement Post test ' scores were 
found to be significantly (r = 0-35, p < 0»001) correlated to 
the mathematics achievement pretest scores Oteasured by SAT. 
Similarly, volume Achievement Retention Test scores were foun3 
to be significantly (r = 0.37, p < 0.001) correlated to the 
pretest of SAT scores* 

Su mmari_ of ConcIusions_an3 Discussion 

^i!lBQ£tance__gf_ Conser v a t ion This study was an 

attempt to determine the relationship between the level of 
conser va ti on of vol ume and the degree tc which sixta <jrade 
students learn the volume algorithm. The only significant 
cesult in — t his conn oct.i o n m as I hat — trtie cojrs^ff Vets scored nijher 
than the partial cor.servers on the Voluoe Achievement Pasttest. 
The con servers did not scoie siyjiificantly higher taan the 
ooncon servers on the post *:e st ; par tial con servers scored lower, 
though not significantly lover, than the nonconservers on th& 
posttest. On the re tf-n tion te st , the scores of th e conservation 
g Loups on the Volume Achievement Test did not differ 
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siqnif ican t ly. Furthermore, stude n ts of the vol ume treatment 
group scored &5% on each of the Volume Achievement Posttast and 
VoluEe Achiovenient Retention T^st. Children in grade 6 o.^em to 
be able to apply the volume algorithia for a cuboid, a.t the 
computation and comprehetision le vel s, regardl ess of their 
coBservat ion level. 

So far as studen*;s who have reached the 6th grade level 
are concerned, it appears, that conservation level is not: an 
import ant factor in lea rnirig the volunie algorithm as defined in 
this study. It is possible, although this study has no data to 
support it, that conservation level tnight likewise be 
relatively unimportant as a factor that influences successful 
learning of the volume algorithm by students in, say, grades 4 
and 5. If this be so, then the present schocl programs waich do 
present the volume algorithm in thosa grades may not be 
unreasonable. So long as the criterion for reasonabiiity is 
learnability, the present study does not support the idea that 
the i ntro<luct ion of the volume algorithm should not take place 
before the learners have become conservers of volume. HDwever, 
the re stay be factors other than volume con:3ervation vhica uoul d 
dlbo — rrrftwrrcre ^^e learnability of the vcluroe algorithm. The 



need for vurth<=*r research, regarding the time to introduce the 
algorithm, will be discussed later in this chapter. 

&-f-fS£t-,2f ^Il^itSSil^^- Subjects who were in the volume 
treatment did significantly better, on the Volume Achievejient 
Post test and Volume AchiGV orient detention Test, than those 
sut ject s who w e re in each of the other trna tments; the sa b jects 



ERIC ^16 



10a 



in tlie othpr two t r oat n cuts (iid not ^iiff er signif icaatly in 
volume perf oriDiiiicG* The subv^cts who vere in the multiplication 
treatment dii significantly better, on the Multiplication 
Ac h ievetaent Post test, thin those vho vere id the volUE&e 
treatment and the control treatment; thoso who were in the 
volume treatment and those vho vsre in the control tredtment 
did TiOt differ significantly* This indicated that at the 
posttest level the mui ti pi ica tion treatment was successful* 
That is, the stu3onts had learned the multiplication material 
vhich vas taught* 

In short, it ipay be concluded that, at the posttest level, 
the subjects vho vere in the multiplication treatment iearned 
the multiplication material but the subjects who were id the 
volume treatment did signif icaatly b'?tter than those who were 
in the mult i plica tion trea tmen t , on the Vol ume Achi evement 
Posttest* 

The conclusions mentioned above seem to suggest that the 
volume treatment is better than the m^iltiplication treatiaent ia 
teaching sixth graders the volume algorithm of a cub3id« The 
voluccie treatment included activities for determining the volume 
of cuboids by building them with cubes and counting the number 
of cubes; this method later used the algorithm «V L x x H" 
for computing the vDlume of a cuboid* The multiplication 
treatment consisted mainly of studying the effect of varying 
factors on their i)j:oduct and varying factors vheii their product 
is constant; this task vas supplemented by a brief application 
to the volume algorithm "V = L x W x ff," 
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The ronul ts of this stuiy Jo not, thecefcre, 5Ui)^jrt the 
conjecture Cijde in Chapter 2 that stuJeals who ace prjficient 
in varying factors of a fixed product can rapidly preiict and 
determine the vol uoies or dime nsions of cuboids* Oa the 
contrary, the rpsvilts seem to support Piaget's claim that "it 
is one thing to multiply two nuirbers together and guite another 
to multiply two lengths or thrae lengths and understand that 
their product is an area or a volume *** (Piaget et al* , 1960, 
p* 1*08)*" 

XEaBsit ion_between_Conse rv Kesul ts of the 

study revealed that there was, generally, an ioproveoient of the 
students' conservation levels regardless of their volume 
achievement scores or their tieatioents* The transition froa a 
lower to a higher level of conservation between the pretest and 
each of the post test and retention test '•'as found iuoejjondent 
of volume achievement scores and of treatments* 

1 1 appea rs that the improveinaDt of the sao jects* 
conserva ti on level was in flu enced by some f actor (s) otiie r than 
treatments and volume achievement scores* Possible factors 
could have been yrowth, peer inf luence^ test i:.f luence 
(sensitizatiofi) and 'Hawthorne effect'* Orowth is suspected to 
have been a factor because the axperiment lasted about tuo 
months during which subjects in grade 6, esp^^cially those who 
were "on the doorstep" of conservation, could have developed 
from one stage of cognitive uovelopment to the next* 
Uncontrollable students' disc^issions (i^eer influence) of the 
Volume Conservation Test outside the class room could have 
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inf lijf*jiced the results of the posttei^t and the rt^tention tost 
since these tests were identical to the pretest. Tha test 
itself Could have influenced some subjects to think seriously 
about consecvatiott tasks and to correct their own errors in 
later tests. Finally, the development of the students rron one 
Conservation level to the next could have been partially 
attributed to the fact that they were chosen for the exi)eriaent 
tHa vthorne effect) and consequently to the influence of feeling 
special and vorthy. 

Effect of Katheiaatics Achiav<^;q(?nt . Be suits of the study 
revealed that volunre achievement scores on the posttest and the 
re ten tion test were cor r el ated to na the ma tics achievement 
scores measured by the computation section of SAT. The initial 
le vel of conspr vat i ort^of volume vas f ou nd to be i nde pendent of 
the mathematics achievement scores measured by the computation 
section of SAT. 

The above -men ti oned results seen to suggest tnat a 
Competency in mathematics computation may indicate a competency 
in volune achievement or vice versa. Furthermore, the 
mathematics achievement score and volume conservation level 
seen to be independent. 

If|£Ct_of The effect of sei on the degree of learning 
the Volume algorithn of a cuboid and on the initial level of 
conservation of volume vas examined. The degree of leacniny t! ^ 
volume algorithm of a cuboid, at the posttest and retention 
test levels vas not found to be related to sex. On the other 
hand, the males vere found to have a significantly (p < 0#01) 
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hicrhrr initial IgvdI of conser/ation than the fetdles* 

The above^aontior^od su;^w' ri ori ty of trales over feaai^is ift 
volutre conservation has been also reported by other researchers 
such as Graves (1972), Elkind (1961-b and 1962) and vheatley 
(1971). The superiority of tb€ aales to the fenales in the 
initial level of conservation could be attributed to the more 
active participation of males in practical experiences 
involving manipulative skills* (Pr ice^V illia ss et al. # 1969 and 
Grave, 1972)* 
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LiSii^-iions^of _the_Staij[ 

There are several linitations of the study- Some of these 
limitations are related to the type of subjects chosen lor the 
experiment v>*ile other limit at ions are c on segue nee s of the 
procedures of the study. 

The subjects of this study were sixth grade students of a 
suburban area. Their average family income vas slightly higher 
than the average income of the greater metrofclitan area. The 
subjects consisted originally of 17*1 students but when those 
vho missed any test or treatment day vere eliminated^ the final 
sample vas reduced to 10 5 students. There were 57 
no neon servers^ 32 conservers and only 16 partial con servers. 
Any generalization based upon the results and conclusions of 
this ctuay is limited to this or to a similar population of 
students. On the other hand, the subjects used in this study 
we re grade 6 stu^ en ts vho foil owed a ma t hciaa t ics pr ogra m 
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typical of thvose uj^etl iii Uorth Aai^itica. Tliey vere of d^es and 
socioecononic status similar to those of subarban jcade 6 
students in Nortb America* These subjects seea, therefore, to 
be representative of the population of subarban North American 
grade 6 students and findings could be generalized to this 
la rgor popula t ion* 

The limitations relating to the procedures i n vol ve 
constraints due to the treatments and constraints relating to 
the tests. One of the esc peri mental treatments, the voluae 
tr ea t men t , vas mo re comprehensi ve a nd regui red mo re students* 
active involvement than is normal in elementary classrooms. The 
other experimental treatm(>nt, the multiplication troatmuut, vas 
different froF usna 1 school a pproache s in its em ph as is on 
multiplication sXills involved in the learning of the algorithm 
••V = L X W X H." Furthermore, only one version of each of the 
Volume Achievement Test, Volume Conserv£:tion Test and 
Multiplication Achievement Test vas used at different stages oC 
the expGC iment. The classification of sub jec ts into volume 
conservation levels was achieved us ing a judgemen t- based voluae 
conservation tost* The generalizations of this study are 
limited by the ;.rt;a t^en ts and tf*st instruments used. 
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It plications tot S\Ucation.^X?ractic^ 

iS£li.£iii9S_i- The students of the volucc treatnent had an 
adjusted Dean score of b5% on both the Vcluvie AchieveaeQt 
Posttest and Volume Achieveoent fietentioo Test, This seo»s to 
indicate that students in grade 6 are capable of learuini) the 
volume algorithm for a cuboid "V = L x li x H, " The voloie 
achievement scores of such students do not seen to be affected 
by their levels of conserva tioQ of vol ume* 

Since the conservation level did not seen to be 
important factor in learning the volume algorithm, using 
Conservation as a criterion, the present school programs that 
introduce the algorithm prior to grade 6 are not proven 
unreasonable- This study does not, therefore, suggest the delay 
of introducing the volume algorithm fcr a cuboid 
- L X X H." This is not to say that the prevalent school 
practices are justified vith respect to the theory of Piajet. 
The section on future research outlines possible tfays for 
pursuing the matter of justification of the school prcgrdots* 

Im£lica tign_2. The results and conclusions of this st^dy 
indicate that the activity-oriented volume treatment was 
success fu 1« This trea taen t va s ba sed on de tc^r ciini ng the vol use 
of cuboids by building then vith cubes and counting the number 
of cubes; later the algorithm "V = L x H x H" vas used for 
Computing the voluae of a cuboid* It seems, therefore, 
appropr ia t e to teach the volume Ig or i th m of a cubo id us i ng an 
activity oriented ne*ho<l- 
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LEIijLLcit L2[L«3. The matheraati cs cojiputation scores ot SAT 
were found to be positively correlated with vclume achievement 
scores. Th is seems to suggest th a t a com pe tency in ma thema t ics 
computation may indicate a competency in volume achioveaant or 
vice versa. 

i.!l£tL24LiiIL_i- Fenjales seem to be as capable as males in 
learning the volurv,e Algorithm for a cuboid **V = L x x H." 
However, the superiority of the males to the females in the 
initial level of conservation could be attributed to the aore 
ac tive participation of mal^s in practical experiences 
involving manipula tive skills. Ac ti vi ty-o rie n ted prograiQs ia 
th e tea chi ng of volume con cept s may be beneficial to the 
acquisition of vol u me conservation^ by females. 



neco(i>menda tions for Future Research 

The purpose of this study was to determine the 
relation ship be t ween the level of conservation of vol a me aad 
the degree to which students learn the volutre algorithm for a 
cuboid "V = L X W X H." On the basis of the fiadings^ 
conclusions an(i implications of the study, further research is 
needed on thi s topi c. 

It is recoEinended that the experiraeat be replicated oa a 
la rye r samplt?. The sample of this study consisted of 105 
students only 16 of which ¥>re partial conservers. A larger 
s<imple Hiight inflijf>nce the results found in this study. 
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rt is ^Iso reco:mi# n.l^^^d that the experitront be re^jiicated 
on subj^;cts in a grade lower than six- The independence of 
conservation level and volume achievement could have been 
influenced by the high grade level chosen. Students in jrade 6 
could have d*3veloped learning habits that were very effective^ 
or those students could have been "on the doorstep'* of volume 
conser vat ion a nd became con servers early in the ex per Imsut . The 
choice of a lower grade and consequently a lover level of 
developiaent mi^jht reveal the importance of volume conservation 
le vel more clearly. 

A further recommendation is to conduct a study, in which 
volucie learning at higher cognitive levels than computatioa and 
comprehension is investigaiei with respect to a correlation 
with volume conservation. 

It is also recojamen'led that a vol ume conservati on p^sttest 
and a voluine conservation retention test be developed which are 
parallel forms of , but not identical to^ the voluae 
conservation pretest. The identical conservation tests Jiven in 
the prote^it, posttest and retention test could have allowed a 
greater p:?er influence or sensitization effect than if they 
were not icU^ritic^l. 

It is also reconi--aeft ded that the following observations 
wh ich were roade in the Post Hoc Qualitative Analyses be 
investigated further. 

1. It was noted that there was a general progress in the 
conservation levels of subjects in all cj roups. However, in 
cases of rey re5;si on, tha p^ rt xa 1 c ons^; cvcrs Mho were given 
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oxperienct^s in voltixp activities soem to hdve regr^e.saed the 
mos t « Further i n vest iga t ion , wh ich inc 1 udes i l ter vie^ i ng of 
sub jec t s, is needed for cas es if here r eyressi cn occurs* S ucli 
investigation tnay reveal the effect of volume activities ofl the 
stabili ty of the conservat ion level of subjects, parti cularly 
the partial con servers* 

2* Studentf. vere iisked, in question 11 of the Volune 
Conservation Tost, to write reasons for their responses. Those 
responses did not seem to provide sufficient validity 
ioformation for the filial judgement about the tt>st used* A 
considerable nurabf>r of students gave an incorrect response and 
a reason which might support thft correcit response whil e other 
students gave a correct response and a reason re la ted to 
weight* Further investigation is needed to validate the 
assessing of volume conservation* It is recommended that 
methodological studies be unilor taken to determine the 
relationship between nonverbal and interrogation methods of 
assessing conserva ti on of vol 

3* Qupstion 12 of the Volume Conservation Test concerned 
two une<3ual volumes where students were dsked to write reasons 
for the?r responses* It was noted that the number of t>artial 
cons er vers and con ser ve rs, wh o a nswered question 12 corrtjctly, 
i n creased in th e post test and deer eased in the retention test* 
The number of n oncon se r ver s who answered question 12 coLTectly 
seemed to have itnproved steadily in the pretest, posttast and 
retention tost* On the othor hmd, most correct resporisGs to 
question 12 were supported by explicit l reasons* Further 
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research is needed for *3ue.st iori 12 in part icalar and Cases of 
Conservation of ip-^^ua 1 ity of volume in general* 

Finally, in this study the relat ionsli ip between volume 
Conservation and the degree of learning a volume aljorithn 
in vol V ing mult ipl ica t ion skills va s investigated* It is 
recoinrttended that similar research be conducted to determine the 
relationshii> botveen various conservation tasks and the deyree 
of learning other algorithms involving multiplication sKills in 
the elementary school* For example, research may be designed to 
investigate the relationship between area conservation and 
learning the algorithm for the area of a rectangular region, 
**A - L X W»*, that is, area equals length tiires width* 

In suipnary, further research is needed before the 
prevalent school practice of introducing the volume algorithm 
for a ctiboid (V = L x W x H) in grades earlier than grad^i 6 can 
be justified on the basis of the cognitive theory of Piaget* 
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Treatment _A 



LessoD 1 



Be h a V i o r a Oblecti ves: 

1. GiveD ttfo models of cuboids (clcsed boxes oi: solid 
blocics) the volume of which differ macroscopically, the 
students will be able to state which one has the greater 
vol uiDe. 

2- GiveD five models of cuboids (closed boxes or solid 
blocks) the volutte of aay t i*o of which differ 
macroscopically, the students will be able to order the 
five models by volume. 

3- Given two closed boxes, the volumes of which do not 
necessarily differ macroscopicall y, aod given a set of 
decii&tr^ cubes to be used as units, the students will be 
able to build models congruent to the closed boxes, and 
thereby to state the volume of each box. 

4- Given five closed boxes, the volunie of any two of which 
do not necessarily differ macroscopically, and givea a set 
of decimetre cubes to be used as units, the students will 
be able to build models congruent to the closed boxes, and 
thereby to order the five boxes by volume. 

5. Given a picture of polyhedral model built from unit 
cubes, some of which may not be visible, and given a set 
of unit cubes, the scudents will be able to build the 
pictured too'^el and state its volume. 



Oij tling: 

1. Direct comparison of objects. 

2. Direct ordering of objects. 

3. Indirect comparison of closed boxes. 

3.1. fieed for units; volume is the number jf unit 
cubes. 

3. 2. Mon -standard units; Discussion. 
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U, Stan^iard units: m^, dm* and cm^. 

5. rndirect ordering of closed boxes. 

6. Volume of polyhedral modsls built from unit cuba;^. 

7. Worksheet. 



gatgr ials_: 

1 - Cardboard boxes. 

2. 1 inch-cubes. 

3. Some decimetre cubes and centimetre cubes. 

U. A poster of polyhedral i&odels built from unit cuoes. 

5. A CO ruler. 



Act iv it iesj_ 

Give each student 25 inch-crubes {refer to these caaes as 
simply "Cubes" and not as "inch^Ciibes**) . Ask the studtants to 
lay the blocks aside because they will be used later in the 
period. 

1. (2 min) Direct„cgDgarisgn_o£ 2^3ggt?l 

Display the two closed cardboard boxes A and B o£ sizes 
6 cm X U cnt X 2 cm and UO cm X 20 cm X 10 cm respectively. Ask 
the students to guess which is bigger, which occupies more 
space and which has the greater volume. Conclude that box 5 is 
bigger than box A and that any one of the fclloving sentences 
describes this fact. 

a. Box B is bigger than box A 

b. Box B takes up mere room than box A 

c. Sox B occupies more space than box A 

d. Box B has a larger volume than box A. 

2* (3 m i n ) D^r ec£_or de r i ng_o £ objects: 

Display, in this ortjer, the five closed boxes F, Q, H, 1, 

and J of sizes 2 dni^, ^ dm^, 16 dm^, 1 dm^ and 10 dm^ 
respectively. Ask the students to help to order the boxes from 

largest to sinallest. Allow time for responses tlien order the 

bojces by comparing any two boxes and then putting a third in 
its proper position between the first two and so on. 
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3, ( 5 min) IL^ i toct_ cotpi^a rison . of..c * 



3. 1. iieed_£or_uni ts^^ 

Display a closed cardboard box in each of two distant 
locations of the classrootc (u se box P and box Q) and a sic the 
students to compace the volumes of the boxes without moving 
thefli. L^ad the discussion in order to conclude that perception 
may be deceiving; deterniine and coin[>are the volumes using the 
folio wing activties: 



a. Use units 
each box a 
of the box. 

b. Count the tviimber of 
box es on the boa rd. 
C = 8 uni ts) . 

c. Compare the volumes 
units found in b. 



(smaller boxes provided) to build Ut*xt to 
cuboid with the same shape and volume as that 



units and write the volumes of the 
(Voluine of P = 7 units, Volurae of 

of the boxes using the nunoers of 



Stress that in this process, an^ units of the saijie 
could be used, but the same units must be used throughout. 

3.2. Non-standard units: Di scussion; 



Size 



Encourage individual students to suggest items 
be used as units. 



which could 



Discuss with the students the feasibility and convenience 
of scce of the suggested units. 

4. (5 min ) Stan dard_«ri^itsi__d§£_an d^cmfx 

Ask the students about the common units for measuring 
length (-lesirad answer: m, dm, cm, ...) . If necessary use a en 
ru ler to measure length. Lead the discussion in order to 
conclude that m ^, da^, cai^ are consisteril: wTth the units we 
usually use to measure length. Show cubes of volume 1 dm^ ^i^j i 



zlmpriasize that these volumes are the usual metric units 

Use dec i OB t re c ubus to baild a 
measure the volume of box 3 
centimetre cu fces to b ui Id a 
measure the volume of box k 
the board statements such as 



cm 

used in industry and comnierce 
congruent shape and to 

(4 diE X 2 dp X 1 dsi) and use 
congruent i^hape <tnd to 

(6 cm X ti cm X 2 cm). Write on 



"Volunie of box D = 8 dm^" and <*Volume of box A ~ 48 cm^." 



5. ( 5 rain) lTl^irect_ord3£i nj^of _cl osed^box 

Display thret^ closed boxes (I, F, K) and ask the students 
to suggest how to order the boxes frora largest to siuallest 
using the 1 dm^ bloclcs and the raethod described in section 3.1 
above. Dtterni ne the volume of cMch box and order the boxes 
accordingly. 
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6. (5 iDxa) vgluiTG^gl polyhgjra l_gQdglg_bMilt_f uni t 
cutesy 

Display a poster (t1.1) of two a rra ngemeti ts of cubes. The 
first of the arrangements includes one block "absent" although 
it may appear to be **present." The second of the arrangements 
includes one block "present" although it nay appear to be 
"absent." Ask the students to use the cubes (inch^cubes) ia 
order to build ctib^ids exactly like the ones pictured in the 
poster and to state the vol u:ttes in termsof the cubes. 

7 . (10 m L n ) ifo £K:§.ll£S£ I 

Display boxes W and Z in one area of the classrooft 

[station t1). Display also boxes t1 and #2 as well as 15 
decimetre cubes in another area (station #2) . Give each of the 
students a copy of the attached worksheet and explaia it to 
them. 

Divide the pupils into 3 groups* Let two of the groups 
each be of about 1/4 the class and the third of about 1/2 of 
the class. Ask each of the smaller groups to start od station 
#1 or #2 and the larger group on the seat work* 

Instruct the students in the smaller grotps to finish the 
work at their omt station, then, vitb your approval, to move to 
tiie other station and finish the «ork there, and then to retura 
to their seats for the s&at work. Similarly instruct the 
students in the larger group to finish their seat vor^c first 
then va it for your approval ia moving to the stations. Sead 
students from this larger group to the stations as they fiaish 
their scat uork and as space and order at the stations allow. 
At the end of the period collect the worksheets. 
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Ka me: Last : , First : 

Lesspn_Aj_3_«orKsheet 

(Station #1) 

U Ejcasine the tito boxes lettered X and r« 
Which occupies less space, Y or X? 
iihich has the smaller volume I or X? 

2, Examine ths four boxes lettered tf, X, and Z; than order 
thei froD largest to smallest aad record your ausvers belov« 

(largest) , , , (sb all est) 

(Station #2) 

3« Build stacks of cubes sinilar to these boxes and answer the 
following: 

The voluie of box *1 is: cubes. 

The foluae of box 12 is: cubes. 



[Seat vork) 

4, For each of the figures belov use the cubes to build a 
9odel, Count the nuaber of cubes aad record the voIudc, 




Figure A Figure B Figure C 

Voluffle = cubes Volume ' cubes Voluoe ^ cubes 
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5<list A, and C in order 

(Largest) (Smallest) 
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Treatment A 



Lesson 2 



1. Given a cuboid or a diagram of a cuboid, vhich is 
completely partitioned or partially partitioned ioto unit 
cubes, the students will be able to build a layer and 
daternine the volume of tbe layer, the number oi layers 
and the total vol ume* 

2. Given a diagram of a non-part itioned cuboid, the 
dimensions shown either by nuioerals or by the fact of its 
edges being marked in unit segments, the students will be 
able to determine the volume of a layer, the ounber of 
layers and the total volume of the cuboid. 



Cutiine^ 

1. Follow up of the worksheet from the previous lesson* 

2* Volunie of partitioned and non^parti tioned cuboids* 

3* Ugorithn for the volume of a cuboid "V = L X W J H," 

^. ftppl ica tion of the volume algori thm to cuboids and 
diagrdRfS of cuboids. 

5. Kork£;iieet, 



Watgrials: 

1 . Th ree cardboard boxes. 

2. Some decimetre cubes. 

3. h poster of: a partitioned cuboid, a partially 
pa r t i t ioned cuboi d and a non-partitioned cuboi d. 
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Ac t i vi tiosx 

1 , (3 IB in) ?QllQjg^HP_Q|_the_^Qt Ksbfegt __f tQffi_ the t^ revj ous 
^esson^ 

61 ve each stiiden t his corrected worksheet f rod the 
previous lesson* Explain that in order to ccopare volumes ooe 
caQ coun t t he c uhcs and compare the number s ob tai ned. 

For illustration count the c\ibes of the shapes in 14 as 
each student follows on his owd worksheet, report the volaaes 
of the shapes and state their order. 

2* O n>in) VQi^gg -Qf-Pgg^ifeig&g j-^P j-xQ.2[lZE^£titi Qn e d 
cuboids^ 

Give earh student 25 Inch-cubes. Display a poster 2, U 
of a partitioned cuboid of dimensions 2, 2 and 5. A^k the 
students to build with the cubss a cuboid exactly like che one 
pictured in the poster, to count the number of blocks and to 
state the volume of the cuboid. 

Draw on ths board a di acjr am of a non-* par t i ti oned cuboid of 
dimensions L 4, B = 3 and K ~ 2. Vrite these dimensions along 
the edges* Ask the students to guess the number of cubes 
necessary to build the cuboid* Partition the top layer thea the 
rest of the cuboid* Ask the students to determine the volume by 
using the blocks to build a ibodel then count the numoer of 
blocks used. 

3. {12 min) jMgi?r,i th_m f or vol ume of a _£UbQid 

11 Z k IL I I 

Display a closed cardboard box (II) whose dimensions are 
L 4 dm, W = 2 du and H 2 dm. Display also about 20 
deciit&tre cubes* Discuss with the students hov one can 
determine the volume of the box using the available cub3S. Lead 
the ac tivi ties usin 9 the cubes in order to determine: 

a. The n umber of dec i me t re cubes along the le ng th of the 
bottom layer. Write on the board **L(length) - 4 dm" i.e., 

cubes fit along the leitgth of the bottcffi layer. 

b. The nuDber of decimstre cubas along the width of the 
bottom layer* Write on the board (width) = 2 dm" 

c. Build a layer and conclude that the number of blocks 
that can fit in the bottom layer is given by L X W. 

d. The number of decimetre cubes along the height of the 
box- Write on the board "Htheight) = 2 dm*' 

Build a shape congruent to the box and conclude that 
the total volume is the voluioe of one layer {t X 
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multipli&d by the number of layers (H) i*e*^ 
V = L X H X H. 

Display another cardboard box (R) whose dioensioDs are 
3 dit, J dm and 2 dm. Display also about 10 deciotetre cubes* 
Discuss with the students how one can deteriaine the voluoe of 
the box using the available cubas^ knowing that there are not 
enough cubes to build a shape congruent to the box or even 
build a shape congruent to a layer* Develop again the algoritbi 
•*V = L X W X H** by following steps a to e of the previous 
activity but without actually building a shape similar to the 
boi« 

Test the algorithm '•V = L X W X H'* using a different 
cardboard box (#1) of dimensions U Am, 3 dm and 1 dm: 

f* Find the length, width and height of the box in 
deciaietras and multiply them* 

q* Build a shape similar to the box with decimetre cubes 
and count the number of cubes* 

h* compare the results in f and g. 

tt, (6 min) Applica tion, of the volucie algorithm to dia q raqs 
of _cubgi3s:. 

Present a poster (12.2) of diagrams of cuboids and apply 
the algorithm as directed* 

a* Hafer to the partitioned cuboid on the foster. •ithout 

actually using the blocks develop again the algorithm 

"V - L X W X H** by verbally following steps a to e jf the 
previous activity. 

Hef er to the pa rtiall y partitioned and the n jn- 
partitioned cuboids* In each case determine the volume of 
each layer, the number of layers and the total volume* tJse 
the algorithm *'V ^ t X W X H** to compute the volume* 
Compare the two answers* 

5* (7 miQ) KirfLSheet^ 

Give each of the students a copy of the attached worksheet 
and explain it to thc^m. Go around and help them to complete it* 
Collect the worksheets at the end of the pariod* 



Posters of lesson A2 
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Masc: last 



First: 



U Find th€ vclute of each of tbe figures kelov. 
tlt€ cubes tc build scdcls of tbe figures). 



(;ou say use 
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Figure D 
Voluie of a layer = 
Susfcer of layers = _ 
Voluie = cukes 



2, Vcluae of tbe kcttci layer 
Suiber cf layers ~ 

Tclu*€ - 



Figure F 
foluie of a layer = 
Ruiber of layers - ^ 
loluse = cubes 



3* 1 = 




4, Vcluse of tbe boi ' 
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Treatment A 



Lesson 3 



Behav iora l_ob jectiv&s|_ 

1. GiveD either a diagram of a non^partitioned cuboid vith 
its dimensions marked^ or a vord description of the 
dimensions of a cuboid without a diagram^ the students 
vi 11 be able to use the volume algoriths in order to 
determine the vol ume of the cuboid* 

2. Given a diagram of cuboids touching side by side a:£kd 
all of the ret]Uired dimensions/ the students vill be able 
to use the volume algorithm in order to determine the 
total volume of the cuboids. 

3. Given a diagram of a cuboid to vhicb tbeue are attached 
half cubes ( re^^tangula r parallelepipeds or triangular 
prisms) the students vill be able to determine the total 
vol ume. 

U. Given a diagram of a partitioned cuboid vaich is 
partially covered, the students vill be able to determine 
the total volume of the cuboid. 



Ou tline^ 

1. Follow up of the worksheet from the previous lesson. 

2. Application of the volume algorithm to the foiloving 
cases: 

a. Word description of cuboids. 

b. Cuboids touching side by si3e* 

c. Dia<jrams of cuboids with some unit cubes attached 
or roDOved. 

d . A 1 1 ach men ts of half cu bes to cufccids. 
e. Diagrams of partially covered cuboids. 

3. Worksheet. 
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t. Posters of cuboids touching side by side, cuboids vith 
sonie units attached or renoved and attachments jf half 
cubes to cuboids. 



1- (7 a in) FolLS^ _lit> 2€- t!l^-^tQ£!^§li^?t^ . ClSP— t!lg-&£gY4Qli§ 
iesson^ 

Give each student his corrected worksheet f roa the 
previous lesson and explain that "V = L X W X H** helps us to 
conpute the volume {the numbei: of cubes needed to build a 
siailai: shape) of each of the shapes dravn on the vorlcsheet* 

For illustration explain, as each student follows on his 
ovn worksheet, that in »2 the voluae of the top layer (of L = t* 
and W = 2) is 1X9=4X2=8, that there are 6 layers and 
that the volume is the number of cubes in one layer (8) 
multiplied by the number of layers (6) i.e*, 
V=t*X2X6-a8. 

2. (18 mini Appl icgtiogof thg_y Qlijgg_alcigr 1 thij_tg_the 
f o^^ov i ng^c 1 se si_ 

H2E^-de§e£i£iipn_pf_ cuboid: 

i^rite on the board a verbal description of the dimensions 
of a rectangular boxJL = 6 dm, H = 2 da, H = 5 dm). Suostitute 
the given numbers for L, », and H in "V = L X » X H** and 
compute the volume. Draw a diagram on the board and illustrate 
that "L X W" gives the number of blocks in one layer and 
L X if X H is the total volume. 

b, Cuboids^taoichi ng_s ide_by_sid 

Prosont the poster (#3.1) of two cuboids tcuching side by 
side. Ask students to compute tho volume of each cuboid *ind add 
to determine the total volume. 

removed^ 

Present the poster (#3.2) of cuboids with some unit cubes 
attached or removed. Lead the students to compute the volume of 
the cuboid as if there were nothing attached or reiaoved. 
Dotermine the volume of the unit blocks to be added or 
subtracted. Add or subtract to dstermine the volume. 

^ • Attachments of half__ cubgs_to_ cuboids: 
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Present the poster U 3* 3) of the dia9raois ot the 
attachments of half cubes to cuboids* Ii^ each case ask tbe 
students to determine the iroluiae of the cuboid, tbe iroluie of 
the attached half cubes aod add to deteroloe the total voIuae« 

6 * Piagratts ,qt part i ally, CQ vei^e d cubojds : 

Present the poster {13,4) of a partially covered cuboid 
(4X3X6)* Point out that the blocks of the top layer are sbovn 
and there is a total of 6 layers* Determina tbe length, vidtb 
and height of the cuboid and use the algorithm to conpute tbe 
voluoe* Count the number of blocks in the top layer (12) and 
conclude that each of the 6 layers has 12 blocks* Deteraine tbe 
total voluae {6x12), Compare the tvo answers* 

3* (10 min) tf o rkgife e e^ ;. 

Give each of tbe students a cop? of the attached worksheet 
and explain it to them* Go around and help tbea to CQi&pIete it* 
Collect the worksheets at the eod of the period* 
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Vaie: Last: 



, First; 



'^esson A3^-_gprlesheet 

U k box fads a le&gtb of 1(1, a width of 11 and a height of 3^ 
tfhat is the voluae of the box? 




Hbat is the voluie 




tfbat is the voluoe 






k letal block aod a half 
of a different block 00 top 

tfhat is the voloae 



k pile of cobes aod half cubes 
What is the voluoe 




k pile of cubes paitiallf 
covered 

Vhat is the Toluie 



ERIC 



ii2 



140 



Treatmen t „A 
Lesson 4 



Behavioral Obj^ective: 

1- Given a diagram or a word descripticn of a cuboid of 
knovD dimensions and given a proposed additive or 
multiplicative dioensioaal transformation^ the students 
will be able to state the volume of the cuboid that would 
result after the transformation. 



putljlne^ 

1- Follow up of the worksheet from the previous lesson. 

2. Application of the volume algorithm to cuboids with 
proposed dimensional transf ormations- 

3. Summary of 9enerali2ations. 

4. Worksheet. 

Haterials: 

1, A poster of a partitioned cuboid. 
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1 . (5 m i n ) Foll ow up of Ah^-^gE!!t?^^^^^^°^ .^^^ t)reyious 
lesson^5_ 

Give each student his Corrected worksheet froii the 
previous lesson and explain that in #2 for exainple, there are 2 
half-cubes attached to a rectangular pile of cubes of L ~ 3, 
H ^ 3 and H 2. The Volume of the 2 half-cubes is 1, the 
volume of the pile is 3 X 3 X 2 = 18 (using V = t I B X d) and 
the total Volume is therefore 18 * 1 " 19* 

Similarly for #6, explain that the volume of the block is 
5 X 3 X = 60 [using V - t X H X H), the volume of the half 
block on top is (3 X 2 X 1)/2 - 3 and the total volume is 
therefore 60 * 3 - 63, 

2. (18 min) ft2Pli£g?;i2I!-2f-£fa? ^o^-MP'^ to cufeaids 
wi t h r o£o s ed _ d imensio nal t ra a sf ormatiofi s; . 

Write on the board "V = L X W X H**, display a poster 

{#((,1) of a partitioned cuboid of dimensions 6, and 10 and 

replace W, and H by the numbers 6, ^ and 10. Compute the 

volume (240) and replace V by 2^0^ 

Apply the following changes to the factors (t, H) and 

observe the changes in the prodnct (volume). Encourage the 

students to state and test conjectures about the effect on the 
volume when the dimensions are changed. 

2. U Additive (or m ultiglicative) increa se in o Qe, two , o r 

thr ee o f the_d ime nsi pns pr o duces ad ditiv^ (or mul tiplicativ e) 
increa se , in_the_vol ume ^ 

2. 1. 1. Add i t ive i n cr ease i n ofi e^ t wo o r three of the 
dimensio ns: 

Ask the students to use the algorithm <*V ^ t X (T X H" to 
calculate the volume of the cuboid if its length increases to 7 
units. Write "7 X *J X 10 = 280" underneath "6 X *J X 10 =240." 

Continue by asking the students to predict what happens to 
the volume (240) if the widt h increases or the height 
increases. Allow time for responses, write on the board the two 

sentences "6 X 5 X 10 = »* and "6 X 4 X 11 = divide 

the students into two groups and ask each group to complete one 
of the statements. Solicit the answers (300,264) and complete 
the statements written on the board. 

Ask the students to predict what happens to the volume 
{240) if anx one of the dimensions increases. When conjectures 
are made test them using examples such as "8 X 4 X 10 = 320*' 
and '*6 X 4 X 12 - 286.** tead the discussion in order to 
Conclude that the Volume increases if any one of the dimensions 
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inCL'eascs. 

Similarly, ask the students to predict what happens to the 

volume (240) if two of the dimensions increase. Allow tme for 

responses an d test then using examples such as 
*;7 X S X 10 ^ aSO"* ana ""e ]£ 6 X 10 = 360, Lead the discussion 

in order to conclude that the volume increases if two of the 
dimensions increase. 

Similarly, lead the discussion in order to conclude tha t 
the volume increases if all dimensions increase. Dse 
"7X5X11^ 385" for illustration, 

2. 1,2. nultipli cative increase in on e or , two , q£ the 

dimensioijsi 

Ask the students to predict what happens to the volume 
(240) if any one of the dimensions is multiplied by '*2'* 
(doubled). Allow time for responses and ask three groups to 

test them using "12 X 4 X 10 =^ «6 X 8 X 10 = « and 

"6 X 4 X 20 = ** (answer: 480) "conclu de that the volume is 

multiplied by 2 (doubled)* Continue by asking the students to 
predict what happens to the volume (240) if any png of the 
dimensions is multiplied by 3 (tripled) or 4, Test the 
conjectures using: 

6 X (3 X 4) X 10 = 720 = [3 X 240) and 
6 X 4 X (4 X 10) = 960 - (4 X 240). 



Lead the discussion in order to conclude that the VDlume is 
multipliei by 2 (do .bled) , 3 (tripled), .,, if any one of the 
dimensions is multiplied by 2 (doubled) , 3 (tripled), ,.. 

Likewise, ask the students to predict what happens to the 
volume (240) if each of two dimensions is multiplied by 2; then 
if one is multiplied by 2 and another by 3, etc. Dse examples 
such as the ones written below to establish that if one 
dimension is multiplied by a whole number and another diJiension 
is also multiplied by a whole number, the volume ifill be 
multiplied by the product of the two numbers. 

(5 X 6) X (2 X 4) X 10 = (5 X 2) X 240 
30 X 8 X 10 - 2400 

6 X (3 X 4) X (2 X 10) = (3 X 2) X 240 
6 X 12 X 20 = l£^40 

2.2. Addi ti vg_^or_ttmltiBlicat iv c!ec reas e in oTief tw o or 

lhreg_of _£he_d ijeasions^prgdjjce^ 
decrease, in ,_the„.yglu!De. 

Moclel the discussion of this section after the cliscussion 
of the previous section (2,1), For each of the generalizations 
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below (lettered a, ask the stu dents to prcdic t wha t 

happens to the volume (240) if the proposed changes in the 
dimensions are applied, test the students* predictious using 
the given examples and conclude the generalization. 

2. 2. 1. Additive de cre a se in o nef ,,,twQ o r t hre e of the 
digensigns: (move quickly through this section) 

a- The volume decreases if anjf one o£ the dimensions 
decreases. 

Examples; 5 5C U X 10 = 200; 6x3X10= 180» 

b. The voXuiD e decreases if anx two of the dimensions 
decrease. 

Examples: 5 X 3 X 10 = 150; 5 X a X 3 - 60 

c. The volume decreases if all dimensions decrease. 
Example: U X 3 X 8 - 96 

2.2. 2. Mltii)licatiy e_ decr ease in cne_Qr_tvo of t he 

dimensions: 

a. The volume will be divided by 2 (halved), 3, ... if anf 
one of the dimensions is divided by 2, 3, 

Examples: 

6 X ta/2) X 10 = 2t^0/2 

6 X 2 X 10 = 120 

6 X U X (10/5) = 2t^0/5 

6 X a X 2 = ae 

b. If one of the dimensions is divided by a whole number 
and another dimension is divided by a whole number, the 
volurod will be divided by the product of the two numbers. 

Examples: 

(6/2) X (a/2) X 10 = 2ao/t2 X 2) = 2a0/a 

3 X 2 X 10 - 60 



2. 3» Addi ti ye i nc rease_ip_one or tw ,Q f th^ _ dime nsiQas a nil 

additive decrease in on e o r two can p ro duce any o ne of t he 

gr--ji9-2hanae_in t he volume 

Ask the students whether they can predict what happens to 
the volume if one of the dimensions increases and d nether 
decreases. Allow time for predictions and ask three groaps to 
test them using the following examples: 
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6X5X9= 270 (the voluwe increases) 

7 X 4 X 3 ^ 84 (the volume decreases) 

8 X 3 X 10 ^ 240 (the volume does not change) 

Conclude that the volume may increase, decrease or stay 
the same if one dimension increases and another decreases; each 
example has to be examined individually* 

3* (2 min) Suamary o f generali zations ; 

Summarize the generalizations made in this lessoo by 
asXiog this se rie s of questions aiid encourage stu^le nts to 
answer t hem: 

i* Vbat happens to the volume if ue increase one, tuo or 
three of the diciensioDs? 

ii* Rhat happens to the volume if ve decrease one, tuo or 
three of the dimeiisions? 

iii* What happens to the volume if ue increase oiie of the 
diiEensions and decrease another? 

iv* a* What happens to the volume if we double only one 
dimension? 

b* Khat happens to the volume if ue double tuo 
dimensions? 

c* Khat happens to the volome if ve double all three 
dimensions? 

V* What happens to the volume if ue double one dimension 
and halve another dimension? 

4* (10 din) worksh ee t; 

Give each of the students a copy of the attached worksheet 
and explain it to tbem. Go around and help them to complete it* 
Collect the worksKeets at the end of the period* 
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laie :la£tt 



, First:, 



l €gscD tH-Wo r fcsh ee^ 



Cofplet€ t^€ fcllowliiq; 



2. 



3. 



& plastic tci. 

If «« increased tic iiidth ct this 
box b; thres ocits asd the length 
and the height stayed the saae, 
then in the ii€ii fcci iihat would be the 

tecgtb? 

«idth? 




I aetal fcci. 

If lie decreased tbe height by 3 ocits 
and the the leagth tj 2 onits 
but the iiidtb stayed tfce saae, 
then in the ceii bci iihat would be the 

length? 

iidtb? 

Beight? 

Vclove? 

\ itooden bci. 

If ae decreased the length b} 1 noit 
and lie increased the height hj 2 
onits bot the vldth stayed the save, 
then in the ceu bci iiltat would be the 

lengtfc? 

lidtb? 
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4* A rectangular pile of cobes* 

l£ ve tripled the height of this 
pile and the length and the vidth 
stayed the same, then in the oev 
pile vhat vould be the 

Length? 

Vidth? 

Beight? 

Volune? 

5* A rectangular pile of cubes. 

If doubled the length and halved 
the vidth but the height stayed the 
saRe, then in the new pile what 
vould be the 

Length? 

Width? 

Height? 

Volume? 

6* A cardboard bor full of cubes* 
If ve DuXtlplied the height by 3 
and divided the length by 6 
and the vidth by 2, then in 
the nev box what vould be the 

Length? 

Width? 

Height? 

Volume? 
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T reatment B 



Lesson 1 



Beh avi pra l .Ob^ectiygs j a, b and n denote natural numbers* 



K Given a multiplication equation with the sane three 
factors on each side of the equal sign, such that the 
factors on botb sides arc not in the saoe order and that 
one or two factors of one side are missing, the students 
will be able to state the missing factors, 

2* Given an assertion of the foria a X b > a X c, 
aXb<aXc, cXa>bXaorcXa<bXa such that a 
is known, but only one of b or c is kncvn, the students 
will be able to ascribe correct limits to the range of 
values for the unknown number* 

3, Given an assertion of the fom aXbXn>aXcXnor 
nX3Xa>n XbXa such that n and a are known and onlf 
one of b or c is known, the students will able to ascribe 
correct limits to the range of values for the unknovn 
number to make the assertion true* 



OutVinet. 

Review of the commutative and associative principles* 

2. prescribing the range for the missing factor in an 
inequality involving two factors at each of its sides. 

3* Prescribing the range for the missing factor in au 
inequality involving three factors at each of its sides 

4^ Worksheet. 



Ba terials; 



1* A poster of 3 X 5 grid. 
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Ac tivLtL£Si 

K a* {S min) Feyigy_Qf the comgutatxTg,. princ ipl e: 

Present the poster (» 1* 1) of 3X5 grid and astt the 
students to tell the number of rovs (3) and the nuaoer of 
squares per rov (S) * Ask the students to give a multiplication 
sentence to describe the total number of squares (3X5 = 15), 
Write "3 X 5 - 15" on the board. Declare that the numbers 3 and 
5 are called the factors vhile 15 is called the product* 

Turn the poster 90 d^^grees and ask similar questions to 
the ones in the previous paragraph* Conclude that the sentence 
describing the total number of squares is now "5 X J = 15", 
write "5 X 3 = 15" on the board underneath "3 X 5 - 15", Lead 
the discussion to illustrate that both "3 X 5** and "5 X 3" 
describe the same number of squares and are therefore 
equivalent* Write the statement "3 X 5 = 5 X 3" on the board. 

Ask the students to make ) generalization about the order 
of the factors based on the statement "3 X 5 = 5 X 3"* Allov 
time for responses and emphasize the commutative principle 
(vithout mentioning the term "::ommutative<') i,e,, the order of 
multiplying the factors does not affect the product* Test this 
principle using 3X4 and 4 X 3 by determining the ansner to 
3X4 and 4X3, Confirm the commutative principle by asking 
the students to compute the answer (180) to each side of the 
sentence 12 X 15 = 15 X 12, 

Ub, (5 min) Revie w of . the .asspciatiye^g rinci ple ? 

Write "2 X 3 X 4" on the board and ask the students if it 
makes any difference in choosing the numbers to be inultiplied 

first, 2X3 or 3X4* Then write (2 X 3) X 4 = and 

2 X (3 X 4) = on the board. Ask the students to help in 

the steps for finding the answers and conclude that one may 
multiply the first two factors first or the last tvo first. 
Write on the board [2 X 3) X 4 = 2 X (3 X 4) , Ask the students 
to make a generalization about the order of multiplriug the 
factors based on the sentence written on the board, Allov time 
for responses and emphasize the associative principle (without 
mentioning the term "associative") for the product of any three 
factors i*e*, the grouping of the factors does not affect the 
product* Test and confirm this principle using "5 X 3 X d"* 

Vrite the following statements on the board and ask the 
students to find the numbers which complete the stateiaenrs* 

X8X11=8X6X11; 7X12X4^ X 7 X 

2* (10 min) Pgggcribing_the_range_f or the o issi ng factor 
iIl«3J!«ilie3ii5litjr«ili20lvina _two_f ac£ors^at gach_of ,i£S^5idesg. 

write on the board **3 X [ ] > 3X5" and follow the 
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discussion below m order to lead the students to prescribe 
whole nuebers that can fit in the [ 

T: If we replace t ] by 10, will it be true? 
(Response: "Yes*** Hrite 10 on the board underneath I }) 

T: Is thare a number greater than 10 that wonld sake it 
true? If so, tell me such a number? 

[trrite pupils* responses in ascending order. Leave spaces 
for conti ngoncies) 

T: What if we replace [ 3 by 1, will it be true? 
(Response: "No"* Ask how we tell) 

T: Are there any numbers less than 10 that would make it 

true? If so, which numbers? 

(write thea with the setjuence in order) 

T: Qhat is the least number we have been able to replace 
C J ^Y' far? Does that mean that & is the least whole 
number we can use? Can anyone name a smaller whole number 
than 6 to make it true? Why not? 

T: (Point out the "gap" in the sequence on the board which 
probably looks like this: 

Numbers that make it true: 6, 8, 10, 6a, 100} 

Are there any numbers between these two (fCint to 6 and S) 
that make it true? How about here? (point to 10 and 64) 
etc. 

T: Coulj we possibly list all of the numbers that maxe it 
true? Why not? 

T: So without actually listing them all, what could we 
write that would clearly indicate all of the numbers that 
make it true? Could this do? (write on the board "Any 
Dumber greater than 5" or "n > 5") 

Similarly let the studeut s prescri b€ answers to the 
following statements. 

3X8 < C 3 3£ 8 

12 X 15 > C 3 ^ '2 

3* (5 ra in ) Prt^-scr i bin g the range ,f pr the oissing_f ac^or _in 
an inequality involving three , fa ctor s eac^_og_its ^ides: 

tfrite the statement "2X3X6 < 2 X £ 3 X 6" on the 
board and follow the steps below in order to lead the students 
to prescribe numbers that can fit in the [ (Answwr^ '•Any 

number greater than 3" or '*n > 3'*)* 
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3, U Determine a nucher^ say 10, that makes the statement 
tr ue« 

3, 2« Deter mine a number, say 2, tbat makes tbe statement 
f alse« 

3.3, Establish a loner bound; Find all the numbers less 
than 10 ifhich make the statement true, 

3.4, Determine a larger number than 10, sa; 50, vbicb 
ma kes tbe sta tement true, 

3.5, Determine tuo or three nunbers between 10 and SO that 
make the statement true, 

3*6, Establish that it is impossible to list all the 
numbers tbat make the statement true, 

3,7, yrite a sentence tbat prescribes all the numbers tbat 
make the statement true, ('* Any number gr €ater than 3** or 
»*n > 3"), 

Similarly let the students prescribe numbers that fit in 
tbe [ j in order to oialce the statement 

»*6X2X[3 <6X2X 20" true, 

U, (10 min) gorkshget: 

Gi^re each of the students a cop; of the attached worksheet 
and explain it to thcm« tio^re around and help them to complete 
it. At the end of the period collect the worksheets. 
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Kane: Last: , » Pirst:„_„ 

L esso n, B1 -7 Works h eet 
Comple t e the followiDg ,: 

1, 5 I 7 X 12 = 12 X 5 X 

2, 9 X (U X 10) = 10 X t X ) 

3, (23 X 7) X 13 = ( X 13) I 

II. 7X9 > 7I£3 

nhat number or numbers could 90 in the i 3? 



5, 53 X 16 > 16 X I 3 

tfhat number or numbers could 90 in the £ ]? 



6, 22 X 25 X 26 < 22 X £ 3 X 26 

tthat Dumber or numbers could 90 in the i ]? 



7, 213 X 19 X t 1 < 213 X 19 X 6 

Shat Dumber or mumbers could 90 in the £ ]? 



4 n each of the fo llo vino write; < , ~ or >_in.. i h e C3 

8. 5 X II Q 1X5 

9. 6 X II Q 6X5 

10. 9 7 3 Q 3X8 

11. 1 X(2 X 3) Q (« X 2) X 3 

12. 9 X (6 X 13) Q (8 X 13) X 9 




Treatment B 



Lesson 2 



is!i^!li2£^i«i2tis£ti2£§i ^# ^* ^ ^^^^^ P denote natural numbers* 



1. Given an assertion of the form a X b = P vttere a, b ani 
P are knoiiQ, tbe students vill be able to descrioa tbe 
effect on P \)ben any one of the fcllovina cbaa^es is 
applied additively or multipl icativel y: 
i« Increase in a, or or both* 
ii. Decrease in a, or b, or botb* 
iii* iDcreiises in a together with decrease in b (or 
vice versa) , 



2- Given ar* assertion of the form a X b X c := P the 
students vill be able to describe the effect on P vhan any 
ODe of the follot^ing changes is applied additively or 
multiplicatively to the factors, 
i* iDcrease Xn a, b or c 
ii* Decrease la a, b or c 
iii, Incr^^dse in one or tw of the factors a, b or c 
and decrease in tvo or one of the factors a, b or c 



Outline: 



1- Follow up o;: thct *joricsheet from the previous lesson. 



2. Effect on the pro^aot of ^nc 
are changed additively or 



factors when these factors 

, multiplicatively* (Note: 

"addit ively*' a nd " multi plica ti vely" will sub same decrease 
as veil as increase.) 



3- Effect on the product of th ree factors whet these 
factors are changed additively or multipl icativel y. (tfote: 
*'additively" and "multiplicatively*' will subsume decrease 
as well as increa se.) 

4. VorV;sheet 
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Ha t eria Is: 

(The activit ies of this lesson are mainly number 
manipulations and do not require physical tnaterials) 



1. (4 min) Foll ow up of the worksheet , from the previous 
lesson : 

Give ^\ch student his corrected worksheet from the 
previous lesson and explain thit in #4, any number less than 9 
can 90 in the [ j and make the statement true. Any number 
greater than or equal to 9 will make the statement false* 
Similarly, in 17 any number less than 6 will make the statement 
true and any number greater than or equal to 6 will a^ke the 
statement false. 

2. (20 min) Effept pn the, p roduct of two factors_tfhen 
these factors are cha nged additivejy or ma ltipli c ative^ yg^ 

Write on the board the statement "6 X « = 2««. Apply the 
following changes to the factors (tt and 6) and observe the 
changes in the product (2tt). Encourage the students to state 
and test conjectures about the effect on the product when the 
factors are changed. 

2. 1* Additi ve for , oiultigljci tive) ingrgAse in o ne or two 

of the factors Fi;_oduces ad(j[itiye j[ or multip licat ive) i&cregse 

in_ the product *^ 

2. 1. 1. ^ddit ive _iac_rease_in_QQe_,Qr_tvg_o f t he fact ors: 

Ask the students to predict what happens to the froduct if 
the factor 6 is replaced by a larger number, say 7 or 8 
(desirable rer>ponse: *'It increases") . Allow time for re^sponses 
and write on the board "7 X « - 28" underneath "6 X « ^ 2H,^ 

Continue by asking the stidents to predict what happens to 
the product (24) if any one of the factors increases. tfhen 
conjectures are made test them using exam pi es such as 
"8X4^ 32*» and "6X7 = 42." Lead the discussion in order to 
conclude that the prodtx:t increases if any one of the factors 
increases. Rrite on the board 



Similarly, ask the students to predict what happens to the 
product (24) if both of the factors increase. Allow titae for 



6 





increases 



stays 
the same 
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responses and tost the© using examples such as "7 X 5 = 35** and 
"10 X 6 = 60*** Lead the discussion in order to conclude that 
the product increases if both of the factors increase* srite on 
the board 



6 X U = 2U 

i 4 i. 

increases increases increases 



2, 1* 2. gultielicative increase in one_or. two of the 
factors; 

Ask the stu<lents to predict what happens to the product 
(2U) if any one of the factors is multiplied by 2 (doubled)* 
Allov time for responses and ask tvo groups to test then usin^ 

"12 X U = (answer: U8)" and "6X8 = ^ (answer; U3)*" 

Concl ude that the product is multiplied by 2 (doubled) * 
Continue by asking the students to predict what happens to the 
product (2U) if any one of the factors is multiplied by 3 
(tripled) or Test the conjectures using: 

6 X U = 2U (original statement) 
6 X 12 = 72 = 3 X 2U and 
24 X = 96 = U K 2U* 



Lead the discussion in order to conclude that the product is 

multiplied by 2 (doubled), 3 (tripled), ,** if any ODe of the 

factors is multiplied by 2 (doubled), 3 (tripled), *** «rite on 
the board 



6X4= 24 

Stays is' IS 
the saiDe multiplied niuXtiplied 
by 3 by 3 

Likewise, ask the students to predict what happens to the 
product (24) if one of the tvo factors is multiplied by 2 and 
the other by 3, etc. Use examples such as the one written belov 
to establish that if one factor is multiplied by a whole nuiaber 
and another by a vhole number, the product uill be multiplied 
by the product of the two numbers, 

6 X 4 = 24 (original statement) 
30 X 8 = 240 = 10 X 24 



2* 2, Addi£ive_£_^r_multi]>licati vej decrease in^, opg_or_tiiO 

2f_the_factors_££gi ucgs_additige decrease 

iD_iji£«£E2i!l£ii (Move quickly through this section) 

Model the dif;cussion of this section after the discussion 
of the previous section (2*1)* For each of the generalii;ations 
belov (lettered a, b, «<«) ask the students to predict vhat 
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happens to the product (2U) if ths proposed cNanges in the 
factors ate applied, test the students* predictions using the 
given examples and cor.clufle tha generalization* 

2.2, 1 . jyflditive d ecr eas e in on e or t wo of the factors: 

(move quickly thtoagh this section) ^ 

a. The product decreases i f any one of the factors 
decreases • 

Examples: 5 X ^* = 20; 6 X 3 = 18- 

Write on the boarfl 

6 X U = 2U 

stays^ decreises decreises 
the sate 

b. The product decreases if both of the factors decrease. 
Example: 5X3 = 15, 

Utite on the board 

6 X U = 2tl 

decreases decrea ses decreases 

2. 2, 2* jllil^iEli;P\^lygr .4^9^ ^1Sg-l!i-2Sg/. ?^-j^-!>r£?,g^9C-!^,tLS 
frl£t9E§I (inove quickly through this section) 

a. The product will be divided by 2 (halved), 3, if 
any one of the factors is divided by 2, 3, **, 

Example: 

6 X 2 = 12 - 2U/2 

l^rite on the board 

6 X U = 2U 

stays^ IS IS 
the same di vided diviie3 
by 2 by 2 

B- The product (2UJ will be divided by the product of tw^ 
numbers if one of the factors is divided by one of the nuiibets 
and another factor is divided by the oth3r number. 

Exampls'^ : 

3 X 2 - 6 = 2U/U 

2X1=2= 2U/12 

write on the board 
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6 X U = 21 
. i > i 

IS IS IS 

divided divided divided 
by 3 by « by 12 

2* 3* ^ddiiive tor_gultiglic4 tiye( iacrea se , i& one tl|s 

fa ctors aod additive fo r m ultiplisatiye) decrease io the o t her 

£g£^9£..SaB^£rodiJce aay oae of. .tl^e_folloifing: 

a^_Additi ve f or nmltiplicative) increase in th e produ c t 

Hs^Add itive_jor_3Ulti£ii£a tiyel j[ecceage_iJi_the_frQ j.agt 

c. _yo_change_i n.^t he_prgd ugt 

2-3*1- ^j^itiyg_iocrease^ intone of the factors.. and 

addii^ ive decrease j. p the_other f actorj^ 

Ask the students whether they cao predict uhat happens to 
the product if one of the factors increases aod the other 
decreases. Allov time for predictions aod ask three groups to 
test them usiog the folloviog examples: 

6 X 4 = 24 (origioal stateneot) 

5X9 = (U5, the product increases) 

7X3 = (21^ the product decreases) 

8X3 = (2(|, the product does not chaogo) 

conclude that the product may iocrease^ decrease or stay 
the same if one factor increases and the other decreases; each 
example has to be examined individually. 

Write on the board 

6 X a = 2« 

increases decreases increases^ decreases 

or stays the sane 

3. ((| min) Effect on . t he ^ product_of _three_f actgr jg^yheo 
these_f actors_are_cliaoqed adj it ively . or mu Itipl icat i ve ly; (move 
quickly through this section) 

Wrice of the board the statemeot "U X 6 X 10 = 2«0" aod 
ask the students vhether they can predict the chaoge io the 
product (2(l0) of three factors (U, 6, 10) vheo these factors 
vary* jsk this folloviog series of questioos aod encourage 
students to ansver then by making generalizations. If hen 
necessary test the geoera 11 2a tioas usiog numerical examples, 

i* What happens to the product if ve increase one^ tvo or 
three of the factors? (answer: it incceasts) 

11. Uhat happens to the product if ve decrease one^ tvo or 
three of the factors? (ansver : it decreases) 
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iii, What happens to the product it ve increase one of the 
factors and decrease the other? (answer; ve can't tell; it 
may increase, decrease or stay the same. Each example has 
to be examined individually) 

iv. a. What happens to the product if ve double 3Dly one 
factor? 

b* What happens to the product if ve double two 
factors? 

c* What happens to the product if ve double all ttree 
factors? 

(answers; it vill be multiplied by 2, <t or 8> * 

V* What happens to the product if ve multiply one factor 
by 6 and divide another by 2? (ansver: it vill be 
multiplied by 6 and divided by 2* 

<t* (7 min) worksheet; 

Give each of the students a copy of the attached vorksheet 
and explain it to them. Warn tbe students that they may aot 
have enough time to finish the work and ask then to do as mnch 
as they can. Move around and help them to complete it* At the 
end of the period collect the vorksheets. 
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Name: Last 



^9 



First. 



i£SSon_B2-Morkshget 



Complete the .followiaq: 



16 
i 

decreases 



2*t = 38it 

i i 

Stays ? 

the same 



If 16 were replaced by a smaller nainber and 2** stayed the 
sarae^ what should happen to the product? 



2, 



24 X 15 



increases i ncreases 



360 



If 2^ were replaced by a larger number and IS were 
replaced by a larger nup ber, what shculd ha ppen to the 
product? 



35 X 28 



tecoEoes 
twice 
as big 



becomes 3 
times as 
big 



980 



If 35 were replaced by a number twice as big and 2d were 
replaced by a nuiobe r th ree tiioes as big, what should 
happen to the product? 
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5. 



17 ] 

Stays 
the same 



9 X U = 2n2 

decreases decreases ? 



If 9 vere replaced by a sioaller aumber, 14 were replacei 
by a smaller nunibet and 17 stayed the same, what should 
happen to the prod uct? 



3 

become 
tvice 
as big 



I 36 X 

beCoiDes 
one-third 
as b ig 



13 

becoiQes 
3 times 
as big 



n04 



If 3 vere replaced by a aunbec twice as big, 13 wece 
replaced by a numbec three times as big and 36 wece 
replaced by a nuober one-thicd as big, vhat should happen 
to the product? 
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Treatm ent B 



Lesson 3 



Bfth4vioral Obj ectives: a, b, c and ? denote natural numbers* 

1* Given an assertion of the forn a X b - P vhere a and b 
are known and given a con37tional statement that P remains 
fixed iihile one factor is replaced hj one o£ Its nultifles 
or divisors, the students vill be able to anticipate a 
suitable replacement for b* 

2* Given an assertion of the form a X b X c = P such that 
all variables are Icnovn and given a conditiona 1 statement 
that P remains fixed vhile one or two of the factors are 
replaced by their multiples or divisors, the studencs nilX 
be able to anticipate suitab?,e replacement for the 
remaining factor or factors. 



Outline^ 

1* Follov up of the worksheet from the previous lesson* 

2* Effect on one of tvo factors vhen the other factor is 
changed and the product is fixed 

3* Effect on tvo [or one) of the three factors ii0en one 
(or tvo) of these factors is (are) changed and the product 
is fixed* 

*** Worksheet 



tThe activities of this lesson are mainly number 
manipulations and do not rc^quire physical materials) 



163 



Act ivit iosi 

1 . [k mi n) Foll ow ug-Q^ workshee t f r offi^the_tjregiou§ 
j,esson 

Give eaca student his corrected worksheet f ron the 
previous lesson and explain how one can obtain the correct 
answers to #2 and #5. 

For #2 write "24 X 15 = 360»» on the board and explaxn that 
if 24 and 15 were replaced by larger numbers the product would 
increase. Illustra te by writ in g ''iO X 20 = 600** undernea th 
••24 X 15 = 360, •' 

Similarly for #5, write 3 X 36 X 13 ^ 1404 then 

6 X 12 X 39 = - Explain that the product wiil be 

multiplied by 2X3 and divided by 3, Therefore the nuiaber to 

fill in the blank will be 2 X 1404 - 2806. 

2, (8 m in I Ef fect qn one pf„two f actors when the otbei: 
f ^.g-SQ^-lS-Shaggg^^aS^-l h g P^Q^ ^c^ i s_ fixed.: 

9rite on the board the statement •*$ X 6 ^ 54*" and 
underneath it write "18 I [ ] = 54^» and tell the studeiits that 
in the examples on the board, the product 54 was fixed while 
the factor 9 was doubled to 18* Ask the students to suggest a 
numbers that can go in the t ] to make the statement true 
(answer: 3) . Continue by telling the students that 9 was 
multiplied by 2 to get 18 and ask them to predict what happened 
to 6 to get 3. Uelp the students conclude that 6 was divided by 
2 since 9 was multiplied by 2. 

Similarly write on the board •*5 X 8 = 40*^ and underneath 
it write •*10 X [ ] = 40". Ask the students to guess how 10 was 
obtained from tiBul^ipl^Bd by 2 or doubled) and to predict 

what would happen to 8 in order to to get the same product 40 
(divide it by 2 or halve it). Allow time for responses and 
replace •*[ 3" by ••4". 

9rite on the board "4X6= 24" and ask the students to 
predict what happens to one of the factors if the product (24) 
is fixed and the other factor is multiplied by 2. Test the 
students^ predictions using •*e X [ ] = 24" and ••£ ] X 12 = 24", 
Lead the students to conclude that if the product is fixed and 
one of the factors is multiplied by 2 (doubled) the other 
should be di prided by 2 (hal^red). 

Similarly, refer to "3 X 12 = 36" and ask the students to 
predict what happens to one of the factors if the product is 
fixed and one of the factors is divided by 3* Test the 
stud*?nts^ predictions using "1 X [ ] = 36" and "[ ] x 4 = 36", 
Lead the students to conclude ttiat if the product is fixed and 
one of the factors is divii?ed by 3 the other factor shaald be 
multiplied by 3. 
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write on the board "9X8= 72" and ask the students to 
predict vhat should happen to one of the factors if the product 
is fixed and the other factor is multiplied or divided by a 
nuoiber. Allow tine for responses and test tbeo using: 



Help tbe students generalize that if the product is fixed 
and One of the factors is multiplied (divided) by a nuiber the 
other factor should be divided (multiplied) by the sane aunber, 

3, (13 min) gf 1 gct_QB_two (or one), of the three facto rs 

vhe r^ ,pne, (or twol Q f _thesg_factQrg is_targl cli arj g^d 

mul t ip l, i cat ivelY^nd th e p rod tict 7is f ixedy. 

3* 1 , ilylti gijcati ve_iricrease_iQ one of the factors .a rtd 

ttultipl ica tive decrease i n arjotjier^ar^i .vice versa (aove juicJtly 
through this section)- 

Write of the board the statement **** X 6 X 10 - 240" aad 
underneath it write "8 X [ ] X 10 = 2**0"* Tell the studeats 
that the product 240 is fixed and one of the factors 10 is also 
fixed vhile another factor 4 vas multiplied by 2 to beccae 8, 
AsIc the students to predict vhat should happen to 6 in order ta 
find the number (3) that should go in £ ] and maice the 
statement true. Test the students* prediction by replacing the 
suggested number in C ] and complete the statement* Conclude 
that 6 vas divided by 2« 

Refer to the statement X 6 X 10 = 2**0« and dsk the 

students to predict vhat happens to one of the factors if the 
product and one of the factors are fixed vhile a factor is 
mul t ipl ied by a number. A sic the stud en ts to test their 
predictions usi n9 : 



Help the students to conclude that in this case if one 
factor is multiplied by a number, the other should be divided 
by the same number. Similarly, ask the sfideLts to predict ^hat 
happens to one of the factors if another factor is divided by a 
number vhile the third factor and the product are fixed* Ask 
the students to test their predictions using 



3 X [ ] 
18 X [ ] 
[ ] X 72 

t ] X 2 



72 
72 
72 
72 



(ansver: 3 X [2** ] = 72) 
(ansvoc: 1 8 X ] = 72) 
(ansver: t 1 ] X 72 - 72) 
(ansver: 1 36] X 2 - 72) 



12 X [ 3 X 10 - 2**0 
[ ] X 6 X 20 = 2**0 
X 1 X [ ] = 2**0 



(ansver: 12 X [2] X 10 = 240) 
lansver: £2] X 6 X 20 = 24*0) 
{ansver: X 1 X [60] = 2**0) 



2 X t ] X 10 = 2**0 
[ ] X 2 X 10 - 2ac 
X 1 X [ ] = 2**0 



(ansver: 2 X [ 12] X 10 = 2**0) 
(ansver: [12] X 2 X 10 = 2**i)) 
(ansvec: 4 X 1 X ( 60] = 2**0j 
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3. 2 Incredse_in_two_of _ the^fjdCi 

Eefer to X 6 X 10 - ?aO" and t<-ll the students taat the 
product 2^0 is fixed vhile 6 is multiplied by 2 and 10 15= 
sultiplied by 2^ Write ] X 12 X 20 240** underneath 

"4 X 6 X 10 ~ 240** and ask the students to predict vhat should 
bappen to the factor U. Test the students' prediction aud lead 
tbe discussion to conclude tbat since two factors were 
multiplied by 2 each and the product is filed tbe third Cac;.or 
should be divided by 2 X 2 or 4. 

Similarly, ask the students to predict vhat should happen 
to the factor 6 if 10 vas divided by 5 and U by 2, Test tbe 
predictions and help the students to conclude that the C<iCtor 6 
should be multiplied by the product 5X2 [or 10). Test this 
conclusion using 

2 X £ ] X 2 = 2a0 (dns¥er:2 X £60] X 2 = 2a0) 

ifrite X 12 X 8 = 384" and tell the students that the 

product 38a is fixed and the fiCtor U is multiplied by U to get 
16, Rrite "16 X [ ] X ( ) = 38**** underneatb 

"U X 12 X 8 ^ 38a*** Ask the students to predict vhat should 
happen to 12 or to 8 or to 12 and 8 in order to niake the 
statement true. Test the predictions and lead the students to 
conclude that since one of the factors vas multiplied by 4 any 
one of the fol loving could be done: 

a. divide any other factor by U 

b. divide each oC the factors by 2. 

Similarly^ refer to "U X 12 I 8 = 38**" and teil the 
students that the product 384 is fixed and the factor 12 Is 
divided by 6 to qvt 2. ifrite **[ ] X 2 X ( ) ^ i8a»* underneath 
**4 X 12 X 8 = 384.** Ask the rtudents to predict vbat should 
happen to U or to 8 or to 4 and 8 in order to naXe tbe 
statement true* Test the predictions and lead tbe studeats to 
conclude that since one of the factoid vas divided by 6 any one 
of the folloving could be done 

a, multiply any other factor by 6 

b. multiply one ot the factors by 2 and the other by 3. 
U . (10 mi n) Work sheet 

Give t*ach of the students a copy of the attached vorksbeet 
and eifplain it tc them. Go around and help them to complete it. 
Collert the worksheets at the end of the ptjriod. 
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Katne: Last: , First: 

Le sson B3 - Worksh ee t 

Con; pie t g _t he _f olio wi ng: 

1. 8 k 5 - ao 

£ ] X 10 ^ 40 

The product 40 stayed the same; 5 was replaced by 1J, iihat 
number should go in the [ ]? 

2. 9 X 15 ^ 135 
27 X [ ] - 135 

The product 135 stayed the same; 9 vas replaced by 27. 
What nuiDber should go in the [ ]? 

3. 34 X 12 X 9 = 3672 
34 X [ ] X 36 = 3672 

The product 3672 stayed the same; 34 stayed the saoe; 9 
was replaced by 36, ffhat number should go in the £ J? 



4. 11 X 15 X 22 = 3630 

33 X [ ] X 22 ^ 3630 
The product 3630 stayed the same; 22 stayed the saaie; 11 
vas replaced by 33* What number should go in tae I ]? 



5. 26 X 45 = 1170 
13 X [ ] = 1170 
If tb product 1170 stays the same and 26 is replaced by 
13, what number should replace 45? 

6, 20 X 8 X 23 ^ 5152 

[ ] X 32 X 23 = 5152 
If the product 5152 stays the same, and 23 stays tae same 
and S is replaced by 32, what number should replace 28? 



7. 18 X 5 X 32 = 2880 

6 X [ ] X 16 = 2880 
If the product 2880 stays the same, and 18 is replaced by 
6 and 32 is replaced by 16, what nuiaber should replace 5? 
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Tre atmen t B 
Lesson 4 



Behayi oral O^ilecti ves; 

1. Given a cuboid or a diagram of a cuboid^ which is non- 
pa rtitioQcd* partially pa rtitioned or completely 
partitioned into unit cubes, the students will be able to 
ase the volume algorithm "V - L X W X H** in order to 
de termine the volume 

2* Given a diagram of a partitioned cuboid which is 
partially covered the students will be able to determiae 
the total volume of the cuboid. 

3. Given a diagram or a word description of a cuooid of 
known dimensions and given a proposed additive or 
multiplicative dimensional transformation the students 
will be able to state the volume of the cuboid that would 
result after the transformation. 



1- Follow up of the worksheet from the previous lesson. 

2. Clarification of the coDcept of volume. 

3. AlgorithtD for the volume of a cuboid "V = L X if X H." 

4. Application of the volume algorithm to parti tiaaed^ 
partially partitioned a ad partially covered cuboids. 

5. Application of the volume algorithm to cuboids with 
proposed diocnsional transformations. 

6. Worksheet. 



1. Cardboard boxes* 

2. Decimetre cubes. 



ISO 
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3. A poster of polyhedral models built ficn) unit cuoes^ 

4, Posters of partitioned, partially partitioned, aoa- 
partitioned and partially covered cuboids* 



Ac tivities: 

1. ' {4 min) Fgll.gj?,.gp.,g,f _the,_yoi;k^h e et f rom tbe previous 
lesson: 

Give each studeat his corrected ~ tiorksheet f ron the 
previous lesson and explain hoti one can obtain the a Dstiers to 
f5 and «7« 

For #5, explain that 26 tias divided by 2 in order to get 
13, Therefore 45 should be multiplied by 2 in order to get the 

same product, 1170, Check by »#riting "13 1 [90] ~ " and 

computing the answer (1170). Write **1170" in tbe blank. 

For #7, explain that 18 was divided by 3 to get 6, 32 vas 
divided by 2 to get 16, Therefore 5 should be multiplied by 
3 X 2 = 6 in order to get the same product, 2880. Tbus 5 should 

be multiplied by 30. Check by writing 6 X [30] X 16 = 

and computing the ans»#er (2880). Write "2880" in tbe blank. 

2. (5 min) Clarif ication of the conge pt of volume: 

Display the two closed cardboard boxes A and B of sizes 
6 cm X 4 cm X 2 cm and 40 cm X 20 cm X 10 cm respectively. Ask 
the students to guess tihich is bigger, tihich occupies aore 
space and which has the greater volume. Conclude that b^x B is 
bigger than box A and that any one of the fcllotiing sentences 
describes this fact. 

a. Box 6 is bigger than box h 

b. Box B takes up more rooia than box h 

c. Box 6 occupies more space than box A 

d. Box B has a larger voluoie than box A. 

Display a closed cardboard box in each of t»#o distant 
locations of the classroom (use box t1 and box #2) and ask the 
students to coffiparo the volumes of the boxes without moving 
them. Lead the discussion in order to conclude that perception 
ma y be decei vi ng ; deter joine and compare the volumes usi&9 the 
folloiiing activities: 

a. Use decisietre cubes as units to build a cuboid next to 
each box »#ith the same shape and volume as that jf the 
box. 

b. Count the number of units and write the volupies of the 
boxes on the board. 

c. Compare the volames of the boxes using the numbers of 
uni ts found in b. 

Stress that in this pcJcess, anjg units of the sdJie size 
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{in this case decimetre cubes) could be useri, but tUe sane 
units must be used throuqhout* 

3 * (5 ^^^) fllgorithnj f oi:_the,_VQluge„ 

f L X H X H^i 

Display a poster of a partitioiied cuboid whose 

dioensioi^s are 6^ 3, and 4* Remind the students that the height 
is always the v<*rtical dimension, the length is the longer of 
the tvo horizontal dimensions and the width is the shorter of 
the tvo horizontal dioen sioas* Di scuss with the studeats bov 
one can deter mi no the voltjme of the cuboid* Lead the activities 
in order to determine: 

a* The number of cubes along the length of the top layer* 
write on the board **L(length( = 6 •* i*e*, 6 cubes fit 
along ths length of the top layer* 

b* The number of cubes along the vidth of the top la/er* 
write on the board (vidth) = 3 " 

c. Conclude \iiat the number of cubes that can fit in the 
top layer is given by L X 

d. The nupber of cubes along the height of the box* Write 
on the board **H (height) = 4 " • This is the number of 
layers* 

e* Conclude that the total volume is the volume of one 
layer (L X W} multiplied by the number of layers (H) i.e*, 
V = L X W X H, 

U* (5 ffli.n) ApglicatiQn_Q^.,the_VQlujfle_ algorithm to the 
f ollovi na^cases;^ 

^* £^£^i^l.ly „pai:titioned_aDd_n On- parti tio ned cuboids: 

Refer to the partially partitioned and the ncn* partitioned 
cuboids on the poster (#4* 2) * In each case determine the volume 
of each layer, the number of layers and the total volume* Use 
the algorithm "V - L X W X H" to compute the volume* Compare 
the tvo answers* 

b- Ea£ii4ill_Sovered_cuboid^; 

Present the poster (#*»* 3) of a parti ally covered caboid 
(4X3X6)* Point out that the blocks of the top layer are shown 
and there is a total of 6 layers* Determine the length, width 
and height of the cuboid and use the algorithm to compute the 
volume* Count the number of blocks in the top layer (12) and 
conclude that each of the 6 layers has 12 blocks* Determine the 
total volume (6x12)* Compare the two answers* 



/ 82 
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5, (7 min) Application of the yolume algorithm to_cubQj-ds_.witti 
P^QfiQggl^ili.S^^^iQnal transformitionsj, 

Write on the board the statement 6 X ^^ X 10 * 2**0* Beview 
with the students how some of the changes in the factors 
(6,^^,10) affect the product {2ti0) by asking this series of 
questions and encouraging the studcDts to make 
ge nerali za tion s. 

i* What happens to the product i? we increase one, two or 
three of the factors? 

ii. What happens to the product if we decrease one, two or 
three of the factors? 

iii. a, tJhat happens to the product if we double only one 
factor? 

b, Khat happens to the product if we double t^o 
factors? 

c- Sfhat happens to the product if we double aii three 
factors? 

iv. What happens to the product if ve double one factor 
and halve another factor? 

Display a postfjr (1^- ^) of a partitioned cuboid of 
dimensions 6, 4, and 10. Ask the students to srate the 
algorithm for finding the volume of the cuboid and write on the 
board V = L X W X H. Replace W, and H by 6, and 10 

respectively and compute the volupe (2tJ0)- tirite on ttie board 
6 X X 10 " 2^10 underneath V " L X W X H- 

Ask the students to predict the changes in the volune 
(2aC) when h 16), W (ij) , and a [10) vary. Help the students 
make the jenpral izations by asking them this series of 
quest ions« 

i, What happfe^ns to the vclume if we ir*crease one, two or 
three of the dimensions? 

ii , what happens to the volume if we decrease one, twc or 
th roe of the d i tension s? 

iii, What happens to the volume if we increase one of tbe 
di ipf^nsions a nd dec rea sc another? 

jv, a. v:hat happens to the volume if we double only one 
di tncnsion? 

What happens to the volume if we doable two 
dimensions? 

c, What happens to the volume if we double all three 
dimensions? 

V, What happens to the volume if we double one diaension 

I S3 
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and ha IVG a not her dimension? 
6 . {9 ni n ) Wjrksheet^ 

Give each of the students a copy of the attached uocksheet 
and explain it \o them. Go around and help them to coc^^ilete it* 
Collect the uorki^heets at the end of the period* 
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Festers o f Le sscD_|-jt 




Name: Last : , First 



Lesson Dt-Hocksheet 



Complote ths fol lowi ng; 
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1, L = 
W = 
H = 
V - 




2, L = 
H = 
H = 
V = 




3, A pile of cubes partially covered. 
Total volume = 




5 Lnyero 
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4* k (lastic toi* 

If «e increased tt€ viatb of tbis 
toi b] tbiec ooitf and tbe length 
and tbe beigbt stayed tbe saae^ 
then in tb€ ocv Ici vbat vould be tbe 

Leogt b? 

aidtb? ^ 

Height? 

Tclnie? 



5, 1 voocen lex. 

If «e decreased tbe lengtb hj 1 unit 
and ve increased tl€ beight kj 2 
ODits but tbe vidtb stayed tbe £aae, 
tbeo in tbe oev bci vbat vould be tbe 

lengtb? 

«idtb? 

Beight? 

¥clu»e? 



6, i rectangular pile ct cubes. 

If «e dcubled tbe lengtb and balved 

tbe vidtt but tbe height stayed tbe 

saBe, tben in the nev pile vbat 
vcold be tbe 

Lengtb? 

iidtb? 

Bcigbt? 

¥cluie? 
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Tre at ment C 
Lesson 1 



£s,havioral_pbiectives2 

^* Given a nuDieral in Base 10 for a number a (n<10^), the 
students vill be able to vrite the Dujneral in expanded 
notation using either of the forms illustrated below: 

a* ~ 3 hundreds f 2 tens ^ ^ ones 

b* 324 = 3 K 100 f 2 K 10 * 4 

2* Given a numeral in Base 10 for a number n fn<12UJ , the 
students vill be able, vith manipulative aids, to concert 
the numeral to the equivalent numeral in Base 5« 




Outline; 



1* Review of Base 10 place value concepts 

2* Bundling in fives and expressing numbers in Base S 



JMa terials^ 

1* PopGicle sticks 

2* TCist ties 

3* Base 10/Base 5 table 

4. Base 10 C Base 5 mats: a paper on one side of which 
there are three large coluro ns w it h hea dingst ten*- te ns, 
tens and ones; the other side has three large columns with 
headings^: five -fives, fives and ones* 
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Base 



Act iy it ies^ 

Give each stadent ^5 popsicle sticks, 5 twist ties, a 
10 and a Base 5 mat and a copy of the Base 10/Base 5 table 
illustrated below* Ask the stajents to lay aside the haadouts, 
the sticks and the twist ties because they will be ased later 
in the per iod« 



expanded form 
|1;ea-tensl tens I ones 



short! I short 
form t|£o^°t 
li 

tl 

It 

II 

II 

tl 

II 



expanded forti 
Ifivgrfiyo sl f i ve slonegj 



1. 1 1 i ffiin) Review of Base 10 pl a ce value concepts: 

Write *'11V* on the board then ask tbe students to read 
this number* Give pupils opportunity to respond tbec asc about 
the relationship of the "V in the teas place to tbe "1" in the 
ones place and the '*1'* in the hundreds place* Use popsicle 
sticks (1 stickt 1 bundle of 10, and 1 bundle of 10 teas) in 
order to illustrate that '1* ia the tens place means 10 tines 
as much as the 'I* in the ones place; the '1' in tbe 100's 
place iceans 10 times as touch as the *1* in the 10's place and 
100 times as much as tbe M* in the ones place. Conclude that 
*'111 = (100) + (10) + 1«, 

Write "^UUU - hundreds * teas + ones" 

and then ask the children to suggest numbers that will make the 
assertion true. Keview with the children that: 

= 4 hundreds + U tens + 4 ones, 

= X 100) * (U X 10) + 

Eepeat using "2795" in order to conclude that : 
2795 = (2 X 1300) + (7 i 100) + (9 x 10) + 5, 

2* (20 min) Bundling in fives and expressing numbers in 
B^se^Sj, 

Tell the students that after what they have just djne the 
following may seem to be ridiculously easy* Give the stulents 
the following instructions and make sure that each student 
completes the work* 

a* Count out 1 ^ sticks* 

Group the sticks in tens and ones. Use the twist ties 
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to bundle each group of ten* 

c* Pldce the bundles (1) and sticlcs (^) ir the proper 
sections on the Base 10 sat. 

d* Enter in the table on the left vnat the bundles shov. 

e* Enter in the table on the left the short form of yhat 
^he bundles shov. 

f. Qnbundle the sticks* 

g. fiegroup the sticks in fives and ones using the tirist 
ties* 

h. Place the bundles (2) and the sticks (a> in the proper 
sections on the Base 5 mat* 

i* Enter in the table On tha right what the bundles show. 

j. Enter in the table on the right the short form of what 
the bundles show* 

Repeat the above steps of instruction for "thir ty-dio** and 
"twenty* six"; in step g say that as soon as 5 bundles are made 
they should be bundled into a larger bundle of five-fives. 

Tell the students that when they bundled in fives the 
written numbers were in Base 5, just cts when they bundled in 
tens the numbers were in Base 10* Show the equivalence of the 
numerals by using the numerals yritten on the table and writing 
the following: 

1** (Base 10} = 2U (Base 5) 

22 {Base 10) = U2 (Base 5) 

32 (iSase 10) = 112 (Base 5) 

26 (Base 10) = 10 1 (Base 5) 



190 
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Troatment C 



Lcssoa 2 



B^havigral QbTect ives^ 

1- Given a nameral in Base 10 for a number n (n<124) , the 
students will be able, with and without manipulative aids, 
to con vert the numera 1 to the equi valen t auaeral in 
Ba se 5 • 



2. Given a number no greater thaa 124 (Base 10) wnich is 
sugt(este<i by a given real life situation, the iitudents 
will be able to write the equivalent Base 5 nuaieral for 
that given number. 



Outline! 

1- Review of sectioo 2 of the previous lessoQ 
2. Counting in Ba.^e 5 

3- Converting numerals from Base 10 to Base 5 
4. worksheet 



tta terialss 



1. Popsicle sticks 

2. Tw ist ties 

3. Base 10/Base 5 table 

*4. Base 10 C Base 5 mats; a paper o»i one side of which 
there are three large columns with headings; ten- tens, 
tens and ones; the other side has three large coluaius with 
headings: five^fives, fives and ones. 
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Act jyit leg: 

1. (7 min) iJcvioy^of _sectigQ_2_af _ihg_£rev i^ 

Hola up 22 sticks. Show the students tliat bundles of 5 
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sticks each can be main and there will be 2 sticks left over. 

Drav the Base S table on tbe board and write "4" uaUer the 
*'fives>* and "2" under tbe *'ones". Then write on the board the 
statement "22 (Base 10) = t*2 (Base 5)". 

2, (3 min) Cguntin£_in_Base_S£ 

Ask the students to enter "1", "2", "12" vertically 

in the left short fo^m section of the table. For eacb of these 
numerals write tbe equivalent Base 5 numeral* Emphasize that iQ 
Base 5# fivc^^s must be grouped (bundled) . Nake a correspondence 
that in Base 5 tht^re are ones, fives, five-fives, ... just as 
in ^ase 10 there are ones, tens, ten*tens, Also poiat out 

that in Base 5 the only digits needed are the five digits "0, 
1, 2, 3 and Contrast with Base 10 in whicb the ten digits 

"0, 1, 9" are needed. 

3, (10 min) Converting numeral s from B as e 10 to Base 5: 

Tell tht students to enter "38»» in the left short fori 
section of the table. Ask th^ students to think of 38 sticks 
and the number of bundles that could be made. Ask if 1 buadle 
of five could be made (Yes), 2 bundles (Yes), 3 bundles (Yes), 

4 bundles (Yes) and 5 bundles (Yes), ksk what we would da with 

5 bundles of five (!1dk3 1 bundle of five-fives or twenty fivo). 
Ask the students to enter the number of bundles of twenty five 
(1) in the table. 

Continue by asking the students to calculate the number of 
sticks that would be left over (13), the number of bundles of 
five tbat could be made (2) and the number of sticks leLt over 
(3). Ask the students to enter the numbers (2,3) representing 
tbe fives and the ones in the taale and to also entor tht^ short 
form (123). write on the board "38 (Base 10) = 123 {Base 5)." 
Repeat for *'56" and concluda tbat: 

56 (Base 10) = 211 (Base 5) 

(10 min) Worksheet: 

Give each of the students a copy of the attached worksheet 
and explain it to them. Go around and help them to complete it. 
At tbe end of the period collect the w'>rksheets. 
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NaiDe: tast: ^ First; 



tesson C2 *,Worksh t*^t 

Do each calculation aiid vrite your ansver in the space provided 
for it. 



1* 938 = 9 hundreds ♦ tens ♦ ones 

2* *»207=( X 1C00) ♦ ( X 100) ♦ (0 x 10) ♦ 7 

3* 279 =^ (2 X ) ♦ (7 X ) ♦ 



5 • s I on es 

18 (Base 10) = (Base 5) 

I 



25"s I 5"s I ones 
5* 30 (Base 10) = = (Base 5) 

I I 



25»s I 5"s I ones 

6. 86 (Base 10) = = (Base &) 

I I 



7* 57 (Base 10) = (Base 5) 



8^ The Base 5 number for the number of days in a 
veek is (Base 5) 



9* The Base 5 number for the number of months in a 
year is (Base 5) 

10. The Base 5 number for the number of days in 
January is (Base 5) 



ErJc 193 



181 



Treatment C 
Lessoft 3 

U Given a numeral in Base 5 for ^ number a £ii£444(Base 
5) the students will be able to convert the nuneral to 
the equivalent numeral i& Base 10# 

Outline : 

1* Follow up of the worksheet from the previous lesson 
2* Converting numerals from Base 5 to Base 10 
3* Wor)csheet 

Haterialsi 

(the activities of this lesson consist mainly of number 
manipulation and do not require physical materials) 
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Actiyit iog: 

1* (5 min) Fq11ow_up of th e wo rksheet fr oDi the prevlosis 
Igss^ni 

Give each student his corrected worksheet froii the 
previous lesson and explain hov one can obtain the ansv&r to #6 
and i10« 

For #6 explain that from 86 sticks one caa bundle 3 
bundles of 2S*s, 2 buadles of S*s and have 1 sticlt left* 
Therefore "3**, "2** and 'M'* should be written under **25»s"^ 
♦'S's** and "onos" and thus *'321" should be written in the space 
provided on the right* 

Sinilarly, explain that in #10 the 31 days in Jdnuary 
allov for writing "1" under "25's", "1" under ^'S' s" and "1" 
under **onQs"* Tbe ansver is therefore 111 IBase 5), 

2* { 15 min) qonve rtin q nt| CT €;ral ; 5 f ^P"^ ■ PaS^^^-t o Ba se IQi 

tfrite the place values for Base S on the board as fallovsi 

i 251s i Sis I On esj 

I ^ I ^ I "l 

I III 

1 III 

1 t t 1 



Urite also '*123(Base S) on the board and ask the students vhat 

'*123(Base S) laeans (1 tventy-five, 2 fives and 3 ones)* tfrite 

••I'*, "2" and "3" in the proper sections in the place value 
table on the boards Then vrito on the board 

123 (Base S) = (1 3C ) ^ (2 X ) ^ 3 and ask the students to 

state numbers that will make the assertion true« conclude that 

123 (Base 5) = (1 X 25) ♦ (2 X 5) ♦ 3 ^ 25 ♦ 10 ♦ 3 

123 IBasc 5) = 38 (Base 10). 

Likewise ask the students to state the usual iray |in 
Base 10) of writing the numbers in the following exercises: 

203 (Base 5) (2 X ) ♦ (0 X ) ♦ 3 = (Base 10) 

33t* (Base 5) - {3 X ) ♦ (3 X ) ^ H ' (Base 10) 

3* (15 min) 5,ork sheet: 

Give each of the students a copy of the attached worksheet 
and explain it to theiD« Go around and help thea to coiapiete it* 
Collect the worksheets at the end of the l>eriod* 
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Haae: Last: , First:. 



Lesson, C3_-_Horksh get 



Do each calculation and write your answer in tbe space provided 
for it. 



5»s I ones 

1, 23 {Base 5) = = {Base 10) 

I 



25»s I 5*s ) ones 

2* 401 {Base 5) = = {Ease 10) 

1 I 



3* 34 {Base 5) = (Base 10) 



4* 332 {Base 5) = {Base 10) 



5. 3C(| (Base 5) = (Base 10) 



6* 432 (Base 5) = (Case 10) 




18» 



Treatment C 



Lesson 4 



BghayiQral^Obiect ivesL 

K Given two numerals in Base 5 vhich represent tvo 
numbers the sum of which is not greater than 444 (Base 5)^ 
the students will be able to calculate the sum of the 
numbers and express it by a numeral in Base 5 without 
translating the numerals into Base 10« 

2'» Given two numbers iQ Base 5^ neither of which is 
greater than tl4t|(Base 5)^ the students will be dble to 
calculate the difference of the tvo numbers and express it 
by d numeral in Base 5 without translating the numerals 
into Base 10« 



Outligei^ 

1* Follow up of the worksheet from the previous lesson 
2« Addition in Base 5 with and witbont renaming 
3« Subtraction in Base 5 with and without renaming 
4« Worksheet 



1* Popsicle sticks 

2, Twist ties 

3, Base 5 table 
4« Base 5 mat 
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Activities : 

1 * (3 miu) Fol-lojf^up,.of _t he_wggksh^ 
Igssgn 

Give each studeut his corrected worksheet tram the 
previous lesson and explain how one cart obtain the correct 
ansver to f6« 

Explain that "4*' means four 25's or 100, "3" means three 
fives or 15 and ••2" means two ones* Therefore "432" in Base 5 
is equivalent to "117" in Base 10 l^00 + 15 + 2). 

2* (12 nin) Afl j[ition_in , P^se 5 y ith _and.. with g ut^renii^m^ng^ 

2*1* Addit iop without renatting ( using . t^ie sticks ) ,; 

Give each student 40 popsicle sticks, 5 tvist ties, a Base 
5 nat and a copy of the Base 5 table illustrated belov« 



short) expanded 


f ora 1 


form 1 




I t f i ve-f ives] f 


ivesi ones] 


1 1 1 


1 1 


1 1 




t 1 1 




1 1 




1 1 1 




1 i 





Hold up in one hctnd one bundle of five pcfsicle sticics and 
3 sticks and ask the students to use sticks and tuist ties in 
order to isolate a similar amount and place the bundle and the 
sticks in the proper places on the mat* Ask the students to 
record in the Base 5 table the e^cpanded form of the numeral 
(13) representing all the sticks on the mat« Similarly, hold up 
in the other hand tvo bundles of five sticks and one stick* Ask 
the students to isolate a similar amount, place the sticks on 
the mat and record in the same table underneath "1i" the 
numeral (21) representing all the sticks just placed on the 
mat- Ask the students to draw i horizontal line undernedth "21" 
and add the tvo numbers step by step as follows: 

a* Join the sticks (3 and 1) on the mat in order to get 
"4*" Record the number of sticks (4) in the proper place 
in the table. 

b* Join the bundles (1 and 2) and record the number of 
bundles (3) in the proper place in the table. 

2* 2* Ad3i1:i qn with renaming ( using the_sjfeicksl_g_ 
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Repeat activities similar to the ones described in the 

above section I2« 1) using 2 bundles and 4 sticks (24) in one 

hand and 1 bundle and 3 sticks (13) in the other* Itediiad the 

students that in Base S vc have to bundle b; fives if ire can* 

Aslc the studt^nts to add 24 and 13 step by step as follovst 

a« Join the sticks (4 and 3) oa the mat, make a bundle of 
five sticks and place it vith the bundles on the nat* 
Record in the table the resulting number of sticks (2) « 

b« Join the bundles (1, 2 and 1) on the nat and record in 
the table the resulting number of bundles* 

Similarly, consider 3 bundles of fives and 2 sticks (32) 
and 3 bundles of fives and U sticks (3U)« Ask the stadeots to 
place the sticks od the mat, record the ouperals and add step 
by step as follovs; 

a« Join the sticks (2 and ^) od the oat, make a buadle o£ 
five sticks and place it vith the bundles on the mat. 
Pecord in the table the resulting number cf sticks (1) « 

b. Join the bunAles (1, 3 and 3) od the mat, bundle five 
of them into a bundle of five*fives and record in the 
table the resulting number of fives (2) « 

c* Qecord the number of bundles of five-fives (1) od the 
table* 

2*3* A33ition_vithout using t he stic^^ s; 
Write on the board 

31 (Base 5) 
♦ 2 (Base 5) 

(Base 5) 



Ask ths students to copy the numerals to the short form section 
oa the Base S table and add* Help the students to calculate the 
number of ones and fives result iog from addition without 
actually manipulating the sticks* 

Similarly, help the students perform the addition without 
the sticks for both of the following exercises: 

23 (Base S) 124 (Dase S) 

^ 4 (Base S) ^ 133 (Base S) 



(Dase 5) (Base 5) 

3- (1i laiQ) $ubtr^,pl;i3>t> in R^£fe 5 with and, witjhout 
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3* U Subtra^ction^MithQat r^n^ ^ing (!ising_the^stjL-C|t3Ll 

Hold up three bundles of fives and two sticks and ask the 
students to isolate a sinilar anount, place the sticks on the 
iDat and record in the Base 5 table the expanded font of the 
numeral (32) representing all the sticks* Ask the stu3ents to 
follow each of the steps below in order to subtract (take away, 
remove) 22 from the number represented in the table* 

a* Becord "22" in the table underneath **32" aAd draw 
a horizontal line underneath "22*" 

b« Remove 2 sticks and record the number of the 
result ing sticks (0) * 

c* RemDve two bundles and record the number of the 
resulting bundles (1)* 

3* 2* Subtraction w jtlii , ren amin g fusing , tbe_s ticks> t 

Sepeat activities similar to the one described in the 
above section (3* 1) using 4 bundles, 2 sticks and subtract 2 
bundles, 4 s ticks « A sk the students to carry out the 
subtraction (take away) by following the steps below: 

a« Place 4 bundles and two sticks in the proper coXamas on 
the mat* Record "42" in the ex pa nded form sec t ion of the 
table* write "24" underneath *'42" and draw a horizontal 
line underneath "24«** 

b« In the ones column on the sk^t, **2 take avaf m can't 
do," 

c« Regroup 1 bundle into sticks in order to have 
sufficient amount of sticks to aMow the "take avay" of 4, 
Place the sticks in the proper column on the mat, 

A* Remove 4 sticks and record the resulting number (3) on 
the table, 

e. Remove 2 bundles and record the resulting number (1) on 
the table. 

Similarly, cansider 1 bundle of five-fives, 1 bundle of 
fives and 2 sticks (112)« Ask the students to place the oundles 
and sticks on the mat and recDrd "112" in the expanded form of 
the table. Ask the students to record "34" on the table 
underneath "112", draw a horizontal line underneath '*J^" and 
subtract (take away) by following the steps below: 

a. In the ones column on the niat, "2 take away can't 
do," 
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Begroap 1 bandle Into sticks In order to aave 
sufficient amount of sticks to allow the **take away** of 4, 
Place the sticks in the proper ::olunin on the nat* 

c Hemove 4 sticks and record the resulting number (3) on 
the table* 

In the fives column on the mat, "0 take away J: can't 

do,** 

e. Regroup the bundle of five-fives in order to get 
sufficient aaiount of fives to allow the •'take away," Place 
the fives in the proper column on the mat* 

f« Heoiove 3 fives and record the resulting number of fives 
(2) on the table* 

3, 3, Subtraction i^hQut_gsi flg_^he_stickss 
Write on the board 

44 (Base 5) 
- 32 (Base 5) 



(Base 5) 



Ask the students to copy the numerals to the short form section 

on the Base 5 table and subtract* Help the students to 

calculate the number of ones and fives resulting from 

subtraction without actually manipulating the sticks* 

Similarly^ help the students perform the subtract ioo 
without th^ sticks for both of the following exercises; 

23 (Base 5) 6* 3«0 (Base 5) 

- « (Base 5) - 2«3 (Base 5) 

[Base 5) (Base 5) 

4, (8 min) Eorksheeti 

Give each of the students a copy of the attached woriisheet 
and explain it to then« Go around and help them to complete it« 
Collect the worksheets at the end of the period* 
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Name: Last: , First: 

Lesson_C tt_- _ Work shee t 

Do each calculation and write your answer in the space provided 
for it. 

n 21 (Base 5) 2* 31 (Base 5} 3* 213 (Base 5) 

* U [Base 5) * 3 (Base 5) * lUll (Bdse 5) 

[Base 5) [Base 5) (Base 5) 

Jit [Base 5} 5* 23 [Base 5} 6. 31l0 (Base 5} 

- 32 (Base 5) - K (Base 5) - H3 (Base 5) 

[Base 5) (Base 5) [BdSe 5) 

7. ia3 (Base 5) ♦ 31 [Base 5) = [Base 5) 

8* 201 [Basa 5) - 32 [Base 5) = (Base 5) 

9. 2Htt [Base 5) ♦ HO [Base 5) - (Base 5) 

10, 300 [Base 5) - 223 (Base 5) = [Base 5) 

292 
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ITEM STATISTICS 



203 



191 



Table D1 

Voluae Achievement Pretest itea Statistics 



Itett Percent 
Nunber Correct 



Point^^biserial 
Coefficient 



I ten Percent 
Nttftber Correct 



Point* biseirial 
Coefficient 



1 


80.7 


0.35 


15 


4. 1 


0.47 


2 


73. 1 


0.51 


16 


19.9 


0.69 


3 


52.0 


0.58 


17 


11.7 


0.49 


It 


28.1 


0.66 


18 


35. 1 


0.64 


5 


8.8 


0.49 


19 


18. 1 


0.74 


6 


22.8 


0.68 


20 


11.1 


0.74 


7 


51.5 


0.53 


21 


13.5 


0.74 


8 


25. 1 


0.72 


22 


19.3 


0. 68 


9 


13.5 


0.69 


23 


19.3 


0.68 


10 


27.5 


0.66 


24 


9.9 


0.67 


11 


24.0 


0.67 


25 


11.7 


0.6B 


12 


32.7 


0.65 


26 


21.6 


0.58 


13 


8.2 


0.65 


27 


45.6 


0.54 


1(1 


14.6 


0.63 









Table B2 

Volune Conservation Pretest Ites Statistics 

It en Percent Point -biserial ite« Percent Point-bi^erial 
Nu&ber Correct Coefficient Number Correct Coefficient 



1 


72.5 


0.67 


7 


57.3 


0.78 


2 


76.6 


0.75 


8 


66. 1 


0.76 


3 


35.7 


0. 52 


9 


56. 1 


0.72 


4 


56. t 


0.62 


10 


56. 1 


0.71 


5 


58.5 


0^65 


11 


42. 1 


0.46 


6 


53.8 


0.73 
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Table 03 




Volume Achieveinent Posttest Item Statistics 



Item Percent Point- biserial Item Percent Point-bi serial 
Number Correct Coefficient Number Correct Coefficient 



1 


78.4 


0.50 


15 


6.2 


0*36 


2 


74.9 


0*61 


16 


42. 1 


0*77 


3 


62.6 


0.66 


17 


17.0 


0*35 




53.2 


0*72 


16 


56.5 


0.79 


5 


27.9 


0.63 


19 


39*6 


0*65 


6 


itl.5 


0.64 


20 


32.7 


0.73 


7 


60.6 


0.60 


21 


36*3 


0.66 


e 


57.9 


0.76 


22 


40.9 


0*67 


9 


46.5 


0.73 


23 


33*9 


0.62 


10 


54.4 


0-73 


24 


32.2 


0.66 


11 


43.3 


' 0.70 


25 


30.4 


0.65 


12 


51.5 


0.75 


26 


41*5 


0.62 


13 


23*4 


0.64 


27 


5 6-7 


0.61 


n 


43.3 


0.74 









Table B4 

Volume Conservation Posttest Item Statistics 

I ted PercCTt Po int-biserial Item Percent Point-biserial 
Huober Correct Coefficient Number Correct Coefficient 



1 

2 
3 
4 
5 
6 



66.0 
87. 1 
59*6 
66.7 
74.3 
67.3 



0 
0. 

0. 
0. 
0. 
0, 



.65 
75 

,60 
47 

,56 
,70 



7 
6 
9 
10 
11 



63*7 
76.0 
73- 1 
71.9 
56.1 



0-72 
0*75 
0.72 
0-70 
0.46 
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Table BS 

Multiplication Posttest Item Statistics 

Item Percent Point-biserial Item Percent Point*bi serial 
Nunber Correct Coefficient Number Correct Coefficient 



1 85. It 


0.58 


11 


71,3 


0.5d 


2 80.7 


0.59 


12 


6 3,7 


0.53 


3 79.5 


0.lt7 


13 


33.9 


0.53 


It It9,7 


0.60 


lit 


22.8 


0,37 


5 50,9 


0.65 


15 


19.9 


0.it2 


6 33.3 


0.62 


16 


67,3 


0.59 


7 8. 2 


0.3it 


17 


71.3 


0,5d 


8 It3. 3 


0.56 


18 


23, It 


0.it6 


9 36.6 


0,67 


19 


22.3 


0.it2 


10 8it.8 


0.53 


20 


2 3,2 


0.36 



Table B6 

Volume AchievGtQent Retention Test Item Statistics 

Item Percent Point-biserial Item Percent Point-bi serial 
Number Correct Coefficient Number Correct Coefficient 



1 


87. 1 


0.39 


15 


12.9 


O.itl 


2 


82.5 


0.5it 


16 


5it.it 


0.71 


3 


7lt.3 


0. 57 


17 


22.8 


O.itl 


It 


59.6 


0.62 


18 


60.2 


0.71 


5 


29.2 


0.59 


19 


It6.2 


0.60 


6 


It6.8 


0.65 


20 


36,8 


0.65 


7 


63.2 


0.58 


21 


It 2. 1 


0.70 


8 


59, 1 


0.73 


22 


It5.6 


0,73 


9 


it9. 1 


0.78 


23 


ItO,lt 


0.70 


10 


59,1 


0.68 


2lt 


3it.5 


0.6(i 


11 


It5.6 


0.70 


25 


37. It 


0,69 


12 


56. 1 


0.67 


26 


33.6 


0.51 


13 


2lt.6 


0.58 


27 


63.2 


0.55 


lit 


It6.2 


0.69 










194 



Table D7 

Volvime Conservatioti Reteutton Test Item Statistics 

I tea Percent Point-biserial Item P^cent Point-bj. serial 
HuDiber Correct Coefficient Number Correct Coefficient 



1 


90. 1 


0.54 


7 


71.9 


0,77 


2 


91.2 


0,59 


8 


82.5 


0.70 


3 


68,4 


0.60 


9 


76.0 


0.72 


4 


81.9 


0.54 


JO 


75,4 


0.60 


5 


79,5 


0.60 


11 


59.1 


0.3J 


6 


71.9 


0.65 









Table B8 

Multiplication Bctention Test item Statistics 



Itett 


Percent 


Potnt-biserial 


Itea 


Percent 


Point-biserial 


Kumber 


Correct 


Coefficient 


Number 


Correct 


Coefficient 


1 


93.0 


0.50 


11 


77.8 


0,40 


2 


91.2 


0.46 


12 


66.7 


0.44 


3 


ao, 1 


0,35 


13 


28.7 


0.35 


4 


47,4 


0.56 


14 


19.3 


0.35 


5 


56. 1 


0.55 


15 


22.8 


0.35 


6 


30.4 


0.55 


16 


71,3 


0.50 


7 


7.6 


0,34 


17 


73.7 


0,47 


8 


5 0.9 


0.55 


18 


22,2 


0.50 


9 


36.6 


0.53 


19 


26,3 


0.44 


10 


88.9 


0.44 


20 


14.6 


0.40 
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Appendix C 
SAB DATA 
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Codes; 

1 - Konconserver, 2 = Partial Conserv&r, 3 - Conserver 
Pre = Pretest, Post - Post Test, Ket = Retention Test 
Vol = Volume, Mul - Multiplication, Ach = Achievement 
SAT = Stanford AcKievemeat Test, Tr = Treatment 
V = Volume, H = Multiplication, C = Control 

Conservation Vol Vol Mul Vcl Mul 



Subject 




_Level_ 








Ach 


Ach 


Ach 


Ach 


Ach 


tlunber 


Pre 


Post 


Bet 


Tr 


SAT 


Pre 


Post 


Post 


Bet 


Bet 


002 


3 


2 


2 


V 


30 


4 


18 


10 


17 


14 


004 


2 


1 




V 


33 


4 


12 


5 


8 


9 


006 


1 


1 


1 


H 


29 


4 


2 


10 


2 


8 


007 


1 


2 


1 


c 


25 


1 


4 


7 


5 


7 


COS 


3 


3 


3 


H 


31 


3 


0 


15 


1 


11 


on 


3 


3 


3 


c 


40 


16 


23 


15 


23 


13 


015 


2 


3 


3 


c 


37 


3 


1 


9 


3 


7 


016 


1 


3 


1 


n 


31 


5 


6 


9 


15 


8 


022 


1 


1 


3 


c 


32 


5 


6 


8 


6 


7 


023 


1 


1 


1 


V 


26 


17 


18 


13 


18 


14 


024 


3 


3 


3 


V 


30 


8 


15 


0 


7 


12 


027 


1 


2 


1 


n 


35 


4 


10 


8 


7 


11 


031 


1 


1 


1 


a 


43 


4 


8 


14 


8 


9 


032 


1 


3 


3 


V 


34 


14 


21 


4 


21 


13 


03 3 


3 


2 


2 


H 


39 


12 


21 


14 


24 


8 


034 


2 


2 


3 


V 


25 


7 


15 


3 


19 


6 


036 


1 


2 


3 


c 


28 


3 


0 


7 


3 


7 


037 


1 


1 


1 


c 


32 


3 


2 


11 


1 


13 


038 


3 


1 


2 


V 


38 


1 


12 


10 


12 


8 


039 


2 


2 


2 


H 


42 


11 


17 


14 


16 


15 


041 


2 


1 


2 


c 


31 


6 


11 


6 


12 


10 


042 


1 


1 


1 


V 


21 


3 


10 


8 


9 


8 


043 


3 


3 


3 


H 


39 


11 


12 


12 


11 


11 


044 


1 


1 


1 


c 


31 


3 


2 


4 


5 


10 


045 


1 


1 


3 


n 


21 


6 


3 


6 


4 


5 


047 


3 


3 


3 


V 


29 


4 


18 


11 


21 


10 


051 


3 


3 


3 


c 


35 


20 


25 


9 


22 


15 


052 


1 


1 


1 


V 


39 


9 


21 


13 


25 


12 


053 


1 


2 


2 


V 


34 


7 


25 


6 


23 


9 


056 


1 


1 


1 


c 


40 


2 


1 


b 


1 


10 


057 


2 


2 


3 


c 


18 


2 


0 


0 


0 


5 


058 


1 


1 


2 


H 


26 


4 


19 


10 


18 


11 


059 


3 


3 


3 


V 


40 


9 


19 


12 


23 


10 


061 


1 


1 


1 


V 


28 


7 


13 


11 


23 


12 


062 


1 


1 


1 


V 


35 


2 


5 


3 


10 


9 


063 


1 


3 


1 


V 


43 


18 


22 


12 


25 


13 


065 


2 


2 


2 


H 


40 


3 


3 


14 


1 


8 


066 


1 


1 


3 


c 


37 


2 


2 


5 
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Tabic D1 



Unadjusted ileans. Standard Deviations* and Group Sizes of 
Volume Achievement Posttest Scoces foe Treatments by 
CoasecvatioQ Levels (Maximun score = 27) 

Conservation Treatments 


Level 


Volume 


Kultiplica tion 


Control 


Total 


So n-cAnse r vers 


~17768 




"6755 


iTTts" 




(5.63) 


(V.27) 


{6.87) 


(6. 58) 




19 


18 


20 


57 


Partial-cons*=rvers 


17, 17 


8.33 


6.50 


11.19 




(7.41) 


{10.17) 


(7.05) 


(3.36) 




6 


6 


4 


16 


COQservers 


17.82 


16. J3 


17.33 


17.31 




{1. 29) 


(7.54) 


(8.59) 


(6.62) 




11 


15 


6 


32 


Total 


17.611 


13.00 


8.70 


13.36 




{5.52) 


(7.82) 


{7.2<1) 


(6.86) 




36 


39 


30 


105 



Regression coefficient ~ 0,66 



Table D2 

Onadjusted cleans. Standard Deviations, and Group Sizes of 
Volame Achievement Retention Test Scores for Treatoents by 
Conservation Levels {Maximun Score = 27) 



Conservation 






Treatments 








Le vel 


Volune 


^ult iplication 


Control 


Tural 


Non-con se rvers 


18 


.32 


13.56 


7 


.81 


13. 13 




<6 


.51) 


(6.34) 


(6 


.90) 


(6-59) 






19 


18 




20 


57 


Partial-conservers 


15 


.83 


9.50 


8 


.50 


11.62 




{8 


. 13) 


(10.00) 


(8 


.66) 


(8. 96) 






6 


6 




4 


16 


Conservers 


17 


.73 


17.00 


16 


.50 


17.16 




(5 


.08) 


(7.96) 


(9 


.05) 


(7- 17) 






11 


15 




6 


32 


Total 


17 


.72 


14.26 


9 


.63 


14. 12 




{6 


.34) 


( 7. 53) 


(7 


.56) 


(7.13) 






36 


39 




30 


105 



Regression coefficient = 0.67 



ER|c 213 



201 



Appendix E 



TESTS 



o 214 
ERIC 



202 



Volume Conservation Test 




Page 1 
(on vhit«) 






Page 2 
(on pink) 



'^ / . ' ' 
'L-; ^1 
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Before After 




^]an)e; Last: 
School: 



First: 



Volume Achievement Test 
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Length= 
Width = 




222 



210 










1 












A TCCtatigulAt pllfi of cubes. 

Volume of the top layer » 

Number of layer* - 



A rectatigulftT pile of cubee^ 

Volume of * layer » 

Total volume * 



A glass bo(X with some oubee In It, 
Volume of the box " 



A cdrdHoar^ box full cubes ^ 
Volume of the bottom J^ttyer * 
number of layers • 



A box Is 10 utilts lottgf 5 units vide and 2 unite hlgh< 
What Is the volume of the box? 




A reotangolar block of wood. 
Volume " 
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2!1 



7, 



10. 




11, 



12. 




A pile of cubes. 
Total volume ■ 



A pile of cubes. 
Volume • 



A pile of cubes. 
Volume • 



Three rectangular woo<Jen blocks. 
Total volume • 



A pile of cubes and half cubes. 
Total volume • 



A vooden block ^nd half of a <]lfferent 

block on toi>4 

Total volume • 
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13. 



14. 





A rectsngul&T pile of cube« p^Ttlally 
covered. 

Totsl volu&fc • 



A pile of cubcfi. 9 layers tre covered. 
Total volu»c - 



15* 




A pile of cubes. 

If ve removed the top layer* vhat would 
be the volume of the part left? 



A pile of cubes^ 

If ve removed both of the shaded portloaa^ 
what would be the volomi^ of the p4rt left? 



17, 



A plaatlc box. 

If we Increased the width of this box by 
1 unit but the length end height stayed 
the aamet what would be the volume of the 
new box? 



18. 




A loetal box. 

If we doubled the length of this box 
but the width and the height stayed the 
samet what would be the volume of the 
new box? 
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A ret:<ngulir v^lle of cubes* 

If we halved the length and doubled the 
width but the height stayed the aamot 
what would be the volume of the new 
shspet 



A rettenguler pile of cube«^ 

If ve doubled the lengthy tripled the 
height and halved the tfldth^ whet would 
be the volume of the new ehepe? 




A wooden box. 

If we detreeeed the vldth by 1 unit and 
we Intressed the height by 2 unlt« but 
the length stayed the satn«t whet would be 
the volume of the new shape? 



A metal box. 

If we detreased the width by 2 unlts^ 
detreasad the length hy 6 units end 
Increased the height by 6 unltSt what 
would be the volume of the new ahape? 



A brltk has a height of 5 unltSt a length of 6 units and e 
volume of 120 units. What la Its wldtht 




A rettsngulsr pile of tubes partially 
tovered , 

Total volume * 42 cubes. 

How many layers are there sltogethert 



KftseiLast 



t First 



HaltiplicatloD Test 



A- IB-each Qf.tbe followiitq wciU.four answer ifl 



1, (23 X 17) X 36 = 17 X ([ ] X 23) 
tttat DUBber should 90 in the i ]? 

2. 13 X (5 X 19) - ([ 3 X ^) X 5 
lhat two Dttsbers shou^ qo'io 

the i 3 aod In the r\ 7 

3- 6X6=9X[] 

Vbat DUBber should 90 io the [ j? 



1. 15 X C ] s 30 X 25 

Shat DUBber should qo Id the i j? 



5. 2tt X 11 * C ] X 33 

«hat DUBber should qo xd the i J? 



6. 12 X 15 X 22 ^ 36 X [] X 22 

Bhdt BUBber shODld qo Id the C J? 



7. il1X50X7*C3X5X35 

Vhat DUBber sbODld qo ia the f j? 



e. 18 X 24 » 432 

tt 16 is replaced by 9 aDd 

if the prodDCt, 432, stars the same, 

then 24 aust he replaced by uhdt ouaber? 



9. 9 X 13 X 21 « 2457 

It 9 is replaced oy 27 and 

if the product, 2457, stays the saae, 

then 21 BUSt he replaced by what auaber? 



215 



6- la-9ach,o^the_£olX3ifiBq urite the letter goyraspon dtaa - 



□ 



□ 



10, 18 X 27 » 466 

If 27 is repldced by a larqer outtber dnd 
if 18 stays the saae# 
vbat happens to the product^ (t66? 

a. It becoaes saaller 

b. It becoaes larger 

c. It stays the saae 

IK [ 3 X 1» ^ 9 X 14 

flbat ooMbec {or ouabers) could <fO io the C J? 

a. Aoy ooaber qreater tbao 9 

b. Aoy ouaber less thaa 9 

c. Aoy ouabec greater tbao 14 

d. Aoy ouaber less tbao 14 

e. 9 

12. L Z t 27 y> 41 X 27 

vbat ouaber (or ouabers) could qo ia the C ]? It 

a, Aoy ouaber less tbao .27 I ) 

b, Aoy ooaber greater tbao 27 

c, 27 

d, Aoy ouaber less tbao 41 

e, Aoy ouaber greater tbao 41 



13« 38 X 33 2014 

If 38 is replaced by a ouaber tvice as big and 
if 53 is replaced by a ouaber tbree tiaes as blg^ 
vbat bappehs to the product^ 20147 

a. It increases to five tiaes as aucb 

b. It iocreases to six tiaes as aucb 

c. It decreases to ooe half as aucb 

d. It decreases to ooe fifth as aucb 

e. It changes but it is lapossible to knov hov 
auch it iocreases or decreases* 
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14« 72 X 35 ^ 2520 



X£ 72 is replaced bf a nuebec half as biq and 
if 35 is replaced bj a oueber one fifth as biq^ 
ifbat happens to the prodoct^ 2520? 

It decreases to one setcnth as such 
It increases to ten tines ns nuch 
c* It decreases to one tenth as nuch 
d* It increases to seiren tines as nurh 

It chanqes but it is inpossible to kaov hov 
nuch it increases or decreases* 



15. «0 X 24 « 960 

Xf 40 is replaced by a nunber one fourth as bi<^ and 
if 24 is replaced by a nunber tvice as biq^ 
nhat happens to the product^ 960? 

n* Xt increases to six tines as nuch 
b* Xt decreases to one sixth as nuch 
c. It increases to tvice as nuch 
Xt decreases to one half as nuch 
Xt chanqes but it is inpossible to knov hov 
nuch it increases or decreases* 



16. 12 X 25 X 16 <^ 12 X C j X 16 

Vhat nunber {or nunbers) coald qo in the I j? 
a* Any nunber less than 25 
b* Any nunber qreater than 25 
c. 12 

d* Any nunber qreater than 12 
e* Any nunber less than 12 



17« 14 X 9 X 13 * 1636 

If 9 is replaced by a snailer nunber and 
if 13 is replaced by a snaUer nnaber and 
if 14 «tnys the sane^ 
tfhat happens to the product^ 1636? 

n* Xt decreases 

b* Xt increases 

c* It stays the sane 

d. It changes but it is inpossible to kaov 
ifhether it increases or decreases 

e* It could increase or it could decrease or it 
could stay the sane 



I 



18* 21 X 18 X 25 ^ 9430 

If 18 is replaced by a ousber half as big a&d 

if 21 is replaced by a auaber oae third as biq aad 

if 25 stajs the saBe# 

tfbat bappeas to the product^ 9450? 

a* It iacreases to six tiaes as aocb 

b. It iacreases to five tiaes as aucb 

c. It decreases to o&e fifth as aucb 
d* It decreases to one sixth as aucb 

e* It cbaaqes but it is iapossibie to know bo^ 
■uch it increases or decreases* 



19. » X 27 X t7 * 1836 

Xf 4 is replaced uy a auaber twice as biq aad 
if 17 is replaced by a auaber three tiaes %s biq and 
if 27 is replaced by a nuaber oae third as biq^ 
vhat happens to the product^ 1836? 

a* Xt iacreases to three tiaes as aunh 

b* Xt decreases to oae third as auch 

c, xt iacreases to twice as auch 

d* 'Xt decreases to oae half as aoch 

e* Xt chaaqes but it is iapo±>sible to kaoit how 




auch it iacreases or decreases* 



20. 16 X 154 X 2 = 4928 

Xf 16 is replaced by a auaber twice as biq aad 
if 2 is replaced by a auabec sevea tiaes as biq aad 
if the product^ 4928# stays the saae^ 
vhat happens to 154? 

^ a* xt increases to nine tiaes as auch 
/ b* Xt increases to fourteen tiaes as auch 
c, xt decreases to one ninth as aucb 

xt decreases to oae fourteenth as auch 
e, xt changes but it is iapossibie to kaov how 
auch it increases or decreases. 



aaaaa^a^^aaaa^^aa End of Test 




